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PREFACEc) 



"PHE presont work is based on a disserUtion submitted at 
-^ the Fellowship Examination of Trinity College, Gam- 
ridge, in the year 1895. Section B of the third chapter is in 
he main a reprint, with some serious alterations, of an article 
a Mind (New Series, No. 17). The substance of the book has 
«en given in the form of lectures at the Johns Hopkins 
Jniversity, Baltimore, and at Bryn Mawr College, Pennsyl- 
ania. 

My chief obligation is to Professor Klein. Throughout the 
rst chapter, I have found his "Lectures on non-Euclidean 
Geometry " an invaluable guide ; I have accepted from him the 
ivision of Metageometry into three periods, and have found 
ly historical work much lightened by his references to previous 
rriters. In Logic, I have learnt most fcom Mr/Bradley, and 
ext to him, from Sigwart and Dr Bosanquet. On several 
nportant points, I have derived useful suggestions from 
^rofessor James's '' Principles of Psychology."' 

My thanks are due to Mr* O. F. Stout and Mr* A. N. 
Whitehead for kindly reading my proofe, and helping me by 
lany useful criticisms. To Mr. Whitehead I owe, also, the 
lestimable assistance of constant criticism and suggestion 
liroughout the course of construction, especially as regards 
lie philosophical importance of projective Geometry. 



Haslkmbbb. 
Mag, 1807. 
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that spatial cfdar ahould be the aufcjeot-matter of Qeo- 

metiy. 196 

Ml The apparent thinghood of apace ia a |wyoholcgical iUiiaioii, 
due to the fiwt that a|)atlal raUtiona are immediate^ 
giren 196 

807. The apparent diviaibili^ of apatial raktiona ia either an 

inoaloo, ariafaig out of empty wptmt or the eipreaaion 
of thn poaribility of qoantitatiTely difiiBrent apatial re- 

ktiona 197 

lOa Eitemality ia not a relation, but an aapeet of relatione. 
Spatial order, owing to ita rrference to matter, ia a 
realnklica .198 

808, Obna l iMie o 199 
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OUR PROBLEM DEFINED BT ITS RELATIONS TO LOGIC, 
PSYCHOLOGT AND MATHEMATICB. 

1. Qeouetry, throughout the i7th and 18th centuries^ 
remained, in the war against empiricism, an impregnable 
fortress of the idealists. Those who held — as was generally 
held on the Continent — ^that certain knowledge, independent of 
experience, was possible about the real world, had only to / 
point to Qeometry.: none but a madman, they said, would * 
throw doubt on its validity, and none but a fool would deny 
its objectivo roference. The English Empiricists, in this 
mattor, hod, therefore, a somewhat difficult task ; either they 
had to ignore the problem, or if, like Hume and Mill, they 
ventured on the assault, they were driven into the apparently 
paradoxical assertion that Geometry, at bottom, had no cer- 
tainty of a different kind from that of Hechanics— only the 
perpetual presence of spatial impressions, they said, made 
our experience of the truth of the axioms so wide as to seem 
absolute certainty. 

Here, however, as in many other instances, merciless logic 
drove these philosophers, whether they would or no, into 
glaring opposition to the .common iieDso of their day. It was 
only through Kant, the creator of modem Epistemolqgy, that ' * 
the geometrical problem received a modem form. He reduced 
the question to the following hypothetical : If Qeometxy has 
apodeictic certainty, its matter, i,e. space, must be Sprtbn, and ^S^^^ 
as such must be purely subjective ^ and conversely, if space is 
purely subjective, Oeometry must have apodeictic certainty. 
The latter hypothetical has more weight with Kant, indeed it 
is ineradicably bound up with his whole Epistemology ; never- 
theless it has, I think, much less force than the former. Let us 
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S IKTBODUCnON. 

accept, howcTer, for the moment, the Kantiim formulation, and 
•ndeaTonr to give precision to the terms 9 priori and mibjoetiti, 

8. One of the great difficulties, throughout this contro- 
versy, is the extremely variable use to which these words, as 
well as the word empirical, are put by different authors. To 
Kant, who was nothing of a psychologist, 9 priori and subjoeUve 
were almost interchangeable terms* ; in modem usage there is, 
on the whole, a tendency to confine the word nAjoctive to 
Fisychology, leaving v priori to do duty for Epistemology. If : 
we accept this differentiation, we may set up, corresponding 
to the problems of these two sciences, the following provisional 
definitions: ^|>ribrt applies to any piece of knowledge which, j 
though perhaps elicited by experience, is logioalfy presupposed 
in experience: eubjectivo applies to any menUd state whose 
immediate cause lies, not in the external world, but within 
the limits of the subject The latter definition, of course, is 
finmed exclusively for Psychology : fi:om the point of view . , 
of physical Science all mental states are subjective. But for U 
a Science whose matter, strictly speaking, is o/nly mental states, 
we require, if we are to use the word to any purpose, some 
differentia among mental states, as a mark of a more special 
subjectivity on the part of those to which this term is applied. 

Now the only mental states whose immediate causes lie 
in the external world are ssnso^tbfis. A pure sensstion is, of 
course, an impossible abstraction — we are never wholly passive 
under the action of an external stimulus— but for the purposes 
of Psychology the abstraction is a useful one« Whatever, then, 
18 not sensation, we shall, in Psychology, call subjective. It 
is in sensation alone that we are directly affected by the ex- 
ternal world, and only here does it give us direct .information 
about itsel£ 

S. Let us now consider the epistemological question, as 
to the sort of knowledge which can be called il priori Here 
we have nothing to do— in the first instance, at any rate — 
with the cause or genesis of a piece of knowledge ; we accept 
knowledge as a datum to be analysed and daaiified. Such 
analysis will reveal a formal and a material element in 

1 01. BidMBB, Aslons te G«ontteit, Ik 111: •«F«r Km! dad A|«iorillt 
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knowledge. The formal element will consist of postulates which 
are required to make knowledge possible at all, and of all 
that can be deduced fix>m these postulates; the material ele- 
ment, on the other «hand, will consist of all that comes to 
fill in the form given by the formal postulates — all that is 
contingent or dependent on experience, all that might have 
been otherwise without rendering knowledge impossible. We 
shall then call the formal element d priori, the material element 
empirical ^ 

4. Now what is the connection between the subjective 
and the d priori ? It is a connection, obviously — if it exists 
at all — ^from the outside, i.e, not deducible directly from the 
nature of either, but provable — ^if ii can be proved^nly by 
a general view of the conditions of both. The question, what 
knowledge is d priori, must, on the above definition, depend 
on a logical analysis of knowledge, by which the conditions 
of possible experience may be revealed ; but the question, what 
elements of a cognitive state are subjective, is to be inves- 
tigated by pure Psychology, which has to determine what) in 
our perceptions, belongs to sensation, and what is the work 
of thought or of association. Since, then, these two questions 
belong to different sciences, and can be settled independently, 
will it not be wise to conduct the two investigations separately ? 
To decree that the d priori shall always be subjective, seems 
dangerous, when we reflect that such a view places our results, 
as to the A priori, at the mercy of empirical psychology. How 
serious this danger is, the controversy as to Kant's pure in- 
tuition sufiiciently showa 

6. I shall, therefore, throughout the present Essay, use 
the word d priori without any psychologicid implication. Hy 
test of apriority will be purely logical : Would experience be 
impossible, if a cerUdn axiom or postulate were denied? Or, 
in a more restricted sense, which gives a^iwity 'only within 
a particular science : Would experience as to the subject-matter 
of that science be impossible, without a certain axiom or pos- 
tulate ? My results also, therefore, will be purely logical. If 
Psychology declares that some things, which I have declared 
d priori, are not subjective, then, Ming an error of detail in 
my proofs, the connection of the d priori and the subjective 
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4 IHTRODUCnON. 

80 fiur as those things are oonoerned, must be given np. There 
win be no diwossion, accordingly, thnraghont this Esmj, of 
the relation of the A priori to the sabjectiTe— -« relation whieh 
cannot determine what pieces of knowledge are A priai% but 
rather depends on that determination, and belongs^ in any 
case, rather to Metaphysics than to Epistemology. 

& As I have ventured to use the word A priori in a 
slightly unconventional sense, I will give a few eluddatoiy 
remarks of a general nature. 

The A priori, since Kant at any rate, has generally stood 
for the necessary or apodeictic element in knowledge. But 
4 modem logic has shown that necessary propositions are always, 
in one aspect at least, hypothetical. There may be, and usually 
is, an implication that the connection, of which necessity is 
predicated, has some existence, but still, necessity always points 
beyond itself to a ground of necessity, and asserts this ground 
rather than the actual connection. As Bradley points out, 
"arsenic poisons " remains true, even if it is poisoning no one. 
[ If, therefore, the A priori in knowledge be primarily the neces- 

sary, it must be the necessary on some hypothesis, and the 
r ground of necessity must be included as A priori. But the 

\ ground of necessity is, so &r as the necessary connection in 

f question can show, a mere fact, a merely categorical judgment 

. Hence necessity alone is an insuflScient criterion of apriority. 
To supplement this criterion, we must supply the hypothesis 
I or ground, on which alone the necessity holds, and this ground 

f will vary fix>m one science to another, and even, with the pro- 

gress of knowledge, in the same science at different times. 
Vor as knowledge becomes more developed and articulate, more 
and more neoestiary connections. are perceived, and the merely 
\ categorical truths, though they remain the foundation of apo- 

deictic judgments, diminish in relative number. Nevertheless, 
in a feirly advanced science such as Geometry, we can, I think, 
pretty completely supply the appropriate ground, and establish, 
within the limits of the isolated science, the distinction be- 
tween the necessary and the merely assertoricaL 
i 7. There are two grounds, I think, on which necessity 

may be sought within any science. These • may be (very 
nmghly) distinguished as the ground which Kant seeks in the 
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Prolegomena, and that which he seeks in the Pure Reason* 
We may start from l^he existence of our science as a fiict, and 
analyse the reasoning employed with a view to discovering \y> 
the fundamental postulate on which its logic al possibility de- 
pends ; in this case, the postulate, and all which follows from 
it alone, will be d priori. Or we may accept the existence of 
the subject-matter of our science as our basis of fact, and 
deduce dogmatically whatever principles we can from the 
essential nature of this subject-matter. In this latter case, 
however, it is not the whole empirical nature of the subject- 
matter, as revealed by the subsequent researches of our science, 
which forms our ground; for if it were, the whole science 
would, of course, be A priori. Rather it is that element, in the 
subject-matter, which makes possible the branch of experience 
dealt with by the science in que8tion\ The importance of this 
distinction will appear more clearly as we proceed*. 

8. These two grounds of necessity, in ultimate analysis, (all 
together. I^he methods of investigation in the two cases differ 
widely, but the results cannot differ. For in the first case, by*^ 
analysis of the science, we discover the postulate on which alone 
its reasonings are possible. Now if reasoning in the science 
is impossible without some postulate, this postulate must be 
essential to experience of the subject-matter of the science, 
and thus we get the second ground. Nevertheless, the twoj 
methods are useful as supplementing one another, and the 
first, as starting from the actual science, is the safest and 
easiest method of investigation, though the second seems the 
more convincing for exposition. 

9. The course of my argument, therefore, will be as follows: 
In the first chapter, as a preliminary to the logical analysis of 
Geometry, I shall give a brief history of the rise and development 
of non-Euclidean systems. The second chapter will prepare the 
ground for a constructive theory of Geometry, by a criticism 
of some previous philosophical views ; in this chapter, I shall 



' I OM *'exp6rlttioe.** hen in Um widMt poMibU mpm, Ui« mim la whioh 
Ui« word ia aaed bjr Bndlt^. 

' Wh«r« the bnuieh of experieiiee in question ii e w en t isl to sU eiperienot, 
the reeolting apriority maj be regarded at abiolate ; where it ii necenaiy only 
to lome epeeial leienee, ai rektite to that eeienoe. 
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endeavour to exhibit such views as partly true, partly &lse, 
and so to establish, by preliminary polemics, the truth of such 
parts of my own theoiy as are to be found in farmer writera. 
A large part of this theory, however, oannot be so introduced, 
since the whole field of projective Geometry, so &r as I am 
aware, has been hitherto unknown to philosophers. Ptasing, 
in the third chapter, finom criticism to construction, I shall 
deal first with projective Geometry. This, I shall maintain, 
18 necessarily true of any form of externality, and is, since 
some such form is necessary to experience, completely d priori. 
In metrical Geometry, however, which I shall next consider? , 

the axioms will foil into two classes: (1) Those common to [ 

Euclidean and nQu-Euclidean spaces. These will be found, y 

on the one hand, essential to the possibility of measurement 
in any continuum, and on the other hand, necessary properties i 

of any form of externality with more than one dimension. 
They will, therefine, be declared A priori (2) Those axioms 
which distinguish Euclidean from non-Euclidean spaces. These 
* will be regarded as wholly empirical. The axiom that the^ . 
number of dimensions is three, however, though empirical, 
will be declared, since small errors are here impossible, exactly 
and certainly true of our actual world ; while the two remaining 
axioms, which determine the value of the space-constant, will 
be regarded as only approximately known, and certain only 
within the errors of observation'. The fourth chapter, finally, 
will endeavour to prove, what was assumed in Chapter III., 
that some form of externality is necessary to experience, and 
will conclude by exhibiting the logical impossibility, if know- 
ledge of such a form is to be fifeed from contradictions, of 
wholly abstracting this knowledge from all reference to the 
matter contained in the form. 

I shall hope to have touched, with this discussion, on all 
the main points relating to the Foundations of Geometry. 

> I have gifu no Meoont of theie empirleAi proofs, m ihtj Mem to be oon* 
■tfliited Igr Ibe wbolt body of phytieol sdoooe. Bforything iu phjiioAl aoionot, 
from tht law of sn^^^tA^n ^ ^ boiUUng of bridgoi, fkom tho ■poctroooopo to 
Iho art of ttATigfttioB, woold bo profoond^ modifiod bj tMj oonddonbU in- . 
i noo uf oa y la tho Iqrpottiorio tliot oar ootool opoeo lo BnoUdooa, Tho oboonrod 

f tnrth of f h jwiool ooiMioo» thorof oio, oonotllatos ororwholmhig ompiriool oridonoo 

I that tUo Iqrpothooio la foiy oppioiinHitolj oorreot, Ofon if not rigidlj troo. 
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CHAPTER I. 



A SHORT HISTORY OF METAQEOMBTRT. 



10. When a long established system is attacked, it usually 
happens that the attack begins only at a single point, where 
the weakness of the established doctrine is peculiarly evident. 
But criticism, when once invited, is apt to extend much further 
than the most daring, at iirst, would have wished. 

*'Fint out the liquefaction, what oomes last| 
But Fiohto's clover cut at God himself?" 

So it has been with Ooomotry. The liquefaction of Euclidean 
orthodoxy is the axiom of parallels, and it was by the refusal 
to admit this axiom without proof that Mctageometry began. 
The iirst effort in this direction, that of Legendre\ was inspired 
by the hope of deducing this axiom froin the others—^ hope 
which, as we now know, was doomed to inevitable failure. 
Parallels are defined by Legendre as lines in the same plane, 
such that, if a third line cut them, it makes the sum of the 
interior and opposite angles equal to two right angles. He 
proves without difficulty that such lines would not. meet, but 
is unable to prave that nourparallel lines in a plane must meet. 
Similarly he can prove that the sum of the angles of a triangle 
cannot exceed two right angles, and that if any one triangle has 
a sum equal to two right angles, all triangles have the same 
sum; but he is unable to prove the existence of this one 
triangle. 

11. Thus Legendre's attempt broke down; but mere failure 

^ y. M^moirM de I'Aoad^mie royale det Sdenoee de llnilitai de FnuMc^ 
T« hl 1S88, for a ftiU •tatement of his rwulto, wiUi nfiienoM to 
wriliiigs. 
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ooold prove nothing. A bolder method, saggested by Oaum* 
WM carried out by Lobatchewsky and Bolyai*. If the axiom 
of parallels is logically deduoible from the others, we shall, by 
denying it and maintaining the rest, be led to oontradiotions. 
fThese three mathematicians, accordingly, attacked the problem 
/indirectly: they denipd the axiom of parallels, and yet obtained 
/ a logically consistent Qeometiy. They inferred that the axiom 
was logically independent of the others, and essential to the 
Eodidean system. Their works, being all inspii'ed by this 
motive, may be distinguished as forming the first period in 
the development of Metageometry. 

The second period, inaugurated by Riemann, had a much 

deeper import: it was largely philosophical in its aims and 

constructive in its methoda It aimed at no less than a logical 

analysis of all the essential axioms of Geometry, and regarded 

r space as a particular case of the more general conception of 

Ly a numifM. Takiog its stand od the methods of analytical 

* metrical Geometry, it established two non-Eudidean systems, 

the first that of Lobatchcwsky, the second — ^in which the axiom 

« of the straight line, in Euclid's form, was also denied — a new 

variety, by analogy called spherical. The leading conception in 

this period is the measure of ctermitore, a term invented by 

Gauss, but applied by him only to surfisuses. Gauss had shown 

that free mobility on surfitMses was only possible when the 

measure of curvature was constant ; Riemann and Helmholts 

extended (his proposition to fi dimensions, and made it the 

fundamental property of space. 

^ In the third period, which begins with Cayley, the philo- 
sophical motive, which had moved the first pioneers, is less 
apparent, and is replaced by a more technical and mathematical 
sprit. This period is chiefly distinguished from the second, in 
a maihematiotl point of view, by its method, which is-projective 
instead of metrical The leading mathematical conception here 

* This boldtr mttiiod, il spfMini hsd btra foggMtod, ntsrlj s omtoiy 
msSSm% bgr aa naliaa, 8Meh«ri. Hii worii, whiob mmm to hftfs rwuined 
99m^Mis9 unknown mita Mtnaa rediMOvind it In ISSS, k oidM ••BooUdM 

vindleslns, ote." IMIoUnI, 17SS. (Bm VoionMi, OrandMet 
G«nn«i tnntlation, Upiig, 1SS4, p. S8S.) His VMolte 
M Hill AS IgrporboUo spMO i tal thqr slninMd him to MMh 
tfMl ho difoltd flM Isit hslf of hlf book lo diiprovinc thai. 
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is the Absolute (OrundgMld), a figure by relation to which all 
metrical properties become projective. Cayley's work, which 
was very brief, and attracted little attention, has been perfected 
and elaborated by F. Klein, and through him has found general 
acceptance. Klein hits added to the two kinds of non-Euclidean 
Geometry already known, a third, which he calls elliptic ; this 
third kind dosely resembles Helmholtz's spherical Geometry, 
but is disynguished by the important difference that, in it, 
two straji^t lines meet in only one point*. The distinctive 
mark ofiAhe spaces represented by both is that, like the surfi&ce 
of a sphere, they are finite but unbounded. The reduction of 
metrical to projective properties, as will be proved hereafter, 
has only a technical importance ; at the same time, projective 
Geometry is able to deal directly with those purely descriptive 
or qualitative properties of space which are common to Euclid 
and Metageometry alike. The third period has, therefore, great 
philosophical importance, while its method has, mathematically, 
much greater beauty and unity than that of the second ; it is 
able to treat all kinds of space at once, so that every symbolic 
proposition is, according to the meaning given to the symbols* 
a proposition in whichever Geometry wo choose. This has the 
advantage of proving that further research cannot lead to con- 
tradictions in non-Euclidean systems, unless it at the same 
moment reveals contradictions in Euclid. These systems^ there* 
fore, are logically as sound as that of Euclid himsel£ 

After this brief sketch of the characteristics of the three 
periods, I will proceed to a more detailed account It will be 
my aim to avoid, as £gu: as possible, all technical mathematics, 
and bring into relief only those fundamental points in the 
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^ KkiB*! flnt aoconnt of eUiptle Geometiy, m a retalt of Cajrlqr*t projeetitv 
fcbeoiy of distanoe, appeared in two articles entitled *'Ueber die logenannte 
Nioht-EoklidifldM Oeometrie, I, U," Matii. Annalen 4, 6 (1871—8). It was 
aflerwardfl independently difoovered by Neweomb, in an artiole entitled '*Ele- 
mentaiy Theorems relating to the geometry of a spaee of three ^im^ff^^f^ umI 
of nniform positi?e ennratore in the fbnrtb dimension,'' CrsUe's Journal fiOr dia 
nine nnd angewandte Mathematik, Vol. 88 (1877). For an aooonat of the 
mathematical eontroversies oonoeming elUptic Oeometiy, see KleiB's ''Vcirw 
kswigen fiber Nioht-Eoklidisohe Oeometrisb" OAttingen 1888, i. p. 984 C A 
bibliograplgr of the relevant literature up to the year 1878 was giTsa hj Haltttd 
in the American Journal of Mathematiea, Vols, 1, 8. 



..- .Jk-?'rypj«.v.wi" 



r 



V 



•4 • 



10 rOUKDATlONS Of OBOMITRr. 



—  



) mathemAtioal development, which Meni of logioel or phUo' 
eophioel importeaoe, 

nnt Period* 

18. The originator of the whole system, OotMf , does not 
ajipear, as rsgards strictly non-Ettdidean Geometiy, in any of 
his hitherto published papers, to have given more than results ; 
his proofa remain unknown to us. Nevertheless he was the 
first to investigate the consequences of denying the axiom of 
parallels*, and in his letters he communicated these consequences 
to some of his friends, among whom was Wol%ang BolyaL The 
first mention of the subject in his letters occurs when he was 
only 18; four years later, in 1799, writing to W. Bolyai, he 
enunciates the important theorem that, in hyperbolic Geometry, 
there is a maximum to the area of a triangle. From later 
writings it appears that he had worked out a system nearly, if 
not quite, as complete as those of Lobatchewsky and Bolyai*. 

It is important to remember, however, that Gauss's work <m 
curvature, which wom published, laid the foundation for the 
whole method of the second period, and was undertaken, 
according to Biemann and Helmholtz', with a view to an 
(unpublished) investigaticm of the foundations of Geometry. 
His work in this direction will, owing to its method, be better 
treated of under the second period, but it is interesting to 
observe that he stood, like many pioneers, at the head of two 
tendencies which afterwards diveiged. 

U. Zoto^cAmof %, a professor in the University of Easan, 
firrt published his results, in their native Russian, in the 
proceedings of that learned body for the years 1829 — 1830. 
Owing to this double obscurity of language and place, they . 
attracted little attention, until he translated them into French' 

• TomMM (oip. oit p. SSS) dMiiM the priority of Omim In Hm in^rmtion of 
a aon-BaolidoMi ^jflan, tiicNish bo odmllo Uiii lo Iioto boon tho Snt lo 
DOfHd tho uion of psnOolo to latenoostrtblo. Hio snviido for tho fonnor 
oooorrios ooMB oooroolj odoqsstot oa tho oridoaoo asMaot It, ooo XUla, MIohl* 
laUM, I. pp. 171-174. 

• ▼. BcMNobhiil mlt Bohnmoohw, Sa. n. p. ses. 

• 01. Hotanholts, Wi«. Ahh. n. p. Sll. 
«(Mlo*sJo«nol,ieS7. 
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and German" ; even then, they do not appear to hare obtained* 
the notice they deserved, until, in 186», Beltrami unearthed 
the article in Crell6, and made it the theme of a brilliant 
interpretation. 

In the introduction to his little German book, Lobatchewsky 
laments the slight interest shown in his writings by his com- 
patriots, and the inattention of mathematicians, since Legendre's 
abortive attempt, to the difficulties in the theory of parallels^ 
The body of the work begins with the enunciation of several 
important propositions which hold good in the system proposed 
as well as in Euclid : of these, some are in any case independent 
of the axiom of parallels, while others are rendered so by 
substituting, for the word "parallel," the phrase "not inter- 
secting, however £&r produced." Then follows a definition, 
intentionally framed so as to contradict Euclid's : With respecji 
to a given straight line, all others in the same plane may be 
divided into two classes, those which cut the given straight line, 
and those which do not cut it ; a line which is the limit between 
the two classes is called parallel to the given straight Una It 
follows that, from any external point, two parallels can be 
drawn, one in each direction. From this starting-point, by 
the Euclidean synthetic method, a series of propositions are 
deduced ; the most important of these is, that in a triangle the 
sum of the angles is always less than, or always equal to two 
right angles, while in the latter case the whole system becomes 
orthodox. A certain analogy with spherica] Geometry — ^whose 
meaning and extent will appear later — ^is also proved, consisting 
roughly in the substitution of hyperbolic for circular functions. j t 

14 Very similar is the /system of Johann Bolyai, so similar, 
indeed, as to make the independency of the two works, though 
a well-authenticated bet, seem all but incredible. Johann 
Bolyai first published his results in 1832, in in appendix to 
a work by his &ther Wolfgang, entitled; " Appendix, scientiam 
spatii absolute veram exhibens : a veritate aut blsitate 
Axiomatis XL EucUdei (a priori baud unqnam decidenda) 
independentem ; a<i|jecta ad casnm &lsitatis, quadratura drcoli 
geometrica." Gauss, whose bosom firiend he became at college 

> ThMwte dor PMrallallinkw, Berlin, ISiO. BepabliilMd, Beriis, 18S7. 
^ TnmsUted bj Halsted, Anttiii, Teias, U.S.A. 4lh edition, 18M. 
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jmkI remained through life, was, oi wo have leeD, the inspiror of 
Wolfgang Bolyai, and used to say that the latter was the only 
man who appreciated his philosophical speculations on the 
aiioms of Geometry ; nevertheless, Wolfgang appears to have 
left to his son Johann the detailed working out of the hyper- 
bolic system. The works of botii the Bolyai are veiy rare, and 
thenr method and results are known to me only through the 
renderings of Frischauf and Halsted K Both as to method and 
as to results, the system is very similar to Lobatchewsky's, so 
that neither need detain us here. Only the initial postulates^ 
which are more explicit than Lobatchewsky's, demand a brief 
attention. Frischauf's introduction, which has a philosophical 
and Newtonian air, begins by setting forth that Geometry deals 
with absolute (empty) space, obtained by abstracting from the 
bodies in it, that two figures are called congruent when they 
differ only in position, and that the axiom of Congruence is 
indispensable in all determination of spatial magnitudes. Con- 
gmenoe was to refer to geometrical bodies, with none of the 
properties of ordinary bodies except impenetrability (Erdniann, 
Aziome der Geometric, p. 26). A straight line is defined as 
determined by two of its points', and a plane as determined by 
three. These premisses, with a slight exception as to the straight 
Ime, we shall hereafter find essential to every Geometry. I have 
drawn attention to them, as it is often supposed that non- 
Eudideans deny the axiom of Congruence, which, here and 
eleewhere, is never the case. The stress laid on this axiom by 
Bcdyai is probably due to the influence of Gauss, whose work on 
the curvature of sur&ces hiid the foundation for the use made 
of ocmgruence by Helmholts. 

IS. It is important to remember that, throughout the 
period we have just reviewed, the purpose of hyperbolic 
Geometiy is indirect: not the truth of the hitter, but the 
logical independence of the axiom of paiallek from the rest, is 

> MMhaai;AViolmtoOtOBt«rit,BMhJoluuiBBoljal,Ldpiig,1879. Hsbtod. 
Ite SeiflBM Atedots or Spae^ traadsttd frem tiM Utia, 4lh tditlMi, Awt^ 
UOULISM. 
' Boih LobaAohtuskj and Bo|yai« at TflraiMM ftnarkf, ttarl railMr from 
poiatpair Ibaa fram dtetanot. 8m VriMhaaf, Abiolatt 'Oaomttr^ 
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the guiding motive of the work. If, by denying the Mtiom of • ' 
parallels while retaining the rest, we ean obtain a system free 
from logical contradictrons, it follows that the axiom of parallels 
cannot be implicitly contained in the othera If this be so, 
attempts to dispense with the axiom, like Legendre's, cannot be 
successful ; Euclid must stand or fall with the suspected axiom. 
Of course, it remained possible that, by further development^ 
latent contradictions might have been revealed in these systems. 
This possibility, however, was removed by the more direct and 
constructive work of the second period, to which we must now 
turn our attention. 
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Second Period. 

16. The work of Lobatchewsky and Bolyai remained, for 
nearly a quarter of a century, without issue — ^indeed, the 
investigations of Riemann and Helmholts, when they came,^ 
appear to have been inspired, not by these men, but rather by 
Gauss' and Herbart. We find, accoidingly, very great difference, 
both of aim and method, between the first period and the second. 
The former, beginning with a criticism of one point in Euclid's 
system, preserved his synthetic method, while it threw over one 
of his axioms. The latter, on the contrary, 'being guided by a fi 

philosophical rather than a mathematical spirit, endeavoured to 
classify the conception of space as a species of a more general ^ 
conception : it treated space algebraically, and the properties it 
gave to space were expressed in terms, not of intuition, but of 
algebra. The aim of Riemann and Helmholts was to show, by i 
the exhibition of logically possible alternatives, the empirical \ 
nature of the received axiomsi For this purpose, they conceived 
space as a particular case of a manifold, and showed that various 
relations of magnitude (ifcuatferhdltniase) were mathematically v.- 

possible in an extended manifold. Their philosophy, which 
seems to me not always irreproachable, will be discussed in 
Chapter 11. ; here, while it is important to remember the 
philosophical motive of Riemann and Helmholts, we shall 
confine our attention to the mathematical side of their work. _^ 
In so doing, while we shall, I fear, somewhat maim the system 
of their .thoughts, i^ shall secure a closer unity of subject, and 

> Compart Stello, CoBoepU of If od«ra PIgraief, p. SiS. 
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a more compact account of thd purely mathematical develop* 
ment. But there is, in my opinion, a ftirther reaaon for 
separating their philosophy from their mathematics. While 
their philosophical purpose was, to prove that all the aiioms 
!l ] of Geometry are empirical, and that a different content of our 
experience might have changed them all, the unintended result . 
of their mathematical work was, if I am not mistaken, to afford 
material for an A priori proof of certain axioma These axioms, 
though they believed them to be unnecesaaiy, were always 
\ introduced in their mathematical works, before laying the 

I foundations of non-EucIidean systema I shall contend, in 

[ Chapter IlL, that this retention was logically inevitable, and 

I was not merely due, as they supposed, to a desire for conformity 
with experience. If I am right in this, there is a divergence 
between Riemann and Helmholtx the philosophers, and Biemann 
and Helmholtz the mathematiciana This divergence makes it 
the more desirable to trace the mathematical development 
i^rt from the accompanying philosophy. 

17. Riemann't epoch-making work, " Ueber di$ Hypothesm, 
weleho der Oeometrie $u Orunde liegen^*', was written, and read 
to a small circle, in 1854; owing, however, to some changes 
which he desired to make in it, it remained unpublished till 
1867, when it was published by his executors. The two 
fimdamental conceptions, on whose invention rests the historic 
importance of this diBsertation, are that of a manifold, and^ 
that of the mea8ur$ of curvature of a manifold. The former- 
conception serves a mainly philosophical purpose, and is de- 
signed, principally, *to exhibit space as an instance of a more 
general conception. On this aspect of the manifold, I shall 
have much to say in Chapter IL; its mathematical aspect, 
which alone concerns us here, is less complicated and less 
frnitfiil of oontroverqr. The latter conception also serves a 
double purpose, but its mathematical use is the more prominent. 
Wa will consider these two ccmceptions successively. 

18. (1) Cfoneepiion of a mani/MK The general purpose 
cf Biemann's dissertation is, to exhibit the axioms as successive 

> OMMDflMlto WfriMb pp. SSS-a6S. 

* Oa fiN biflocy of tliii irotd, im Stello, OraiMp^ off ModefB Fhyiioi, 
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steps in the classification of the species space. The axioms of • 
Oeometxy, like the marks of a scholastic definition, ^PP^'' ** 
successive determinalSions of class-conceptions, ending with 
Euclidean space. We have thus, from the analytical point of 
view, about as logical and precise a foimulation as can be 
desired — a formulation in which, from its classificatoiy character, 
we seem certain of having nothing superfluous or redundant, and 
obtain the axioms explicitly in the most desirable form, namely * ^ 
as adjectives of the conception of space. At the same time, it 
is a pity that Riemann, in accordance with the metrical bias 
of his time, regarded space as primarily a magnitude \ or 
assemblage of magnitudes, in which the main problem consists 
in assigning quantities to the differout elements or points^ 
without regard to the qualitative nature of the quantities 
assigned. Considerable obscurity thus arises as to the whole/ 
nature of magnitude*. This view of Geometry underlies the . 
definition of the manifold, as the general conception of which 
space forms a special case. This definition, which is not very 
clear, may be rendered as follows. 

19. Conceptions of magnitude, according to Riemann, are 
possible there only, where we have a general conception, 
capable of various determinations (Bestimmungnffeiien), The 
various determinations of such a conception together form a 
manifold, which is continuous or discrete, according as the pas- 
sage from one determination to another is continuous or discrete. 
Particular bits of a manifold, or quanta, can be' compared by 
counting when discrete, and by measurement when continuous. 
" Measurement consists in a superposition of the magnitudes to 
be compared. If this be absent, magnitudes can only be * 
compared when one is part of another, and then only the more 
or less, not the how much, can be decided " (p. 256). We thus 
reach the general conception of a manifold of several dimensions, 
of which space and colours are mentioned as special cases. 



BMMiiiig M it bean in Bianumn. HcrlNurt, how«?er, alto naet th* vmi 
RHkei^ivrm to aprais » limiUur idea. Set Piiyohologi* als WiMMiichall, i. 
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To the absence of this conception Riemann attributee the 
" obscurity" which, on the subject of the axioms, " lasted from 
EnoKd to Legendre" (p. 254). And Biemann certainly has 
succeeded, from an algebraic point of view, in exhibiting, fiur 
more clearly than any of his predecessors, the axioms which 
distinguish spatial quantity from other quantities with which 
mathematics is conversant But by the assumption, from the 
start, that space can be regarded as a quantity, he has been led 
to state the problem as: What sort of magnitude is space? 
rather than: What must space be in order that we may be able 
to regard it as a magnitude at all? He does not reaUse, 
dther — ^indeed in his day there were few who realised — that 
• an elaborate Geometry is possible which does not deal with 
space as a quantity at alL His definition of space as a species 
ik manifold, therefore, though for analytical purposes it defines, 
most satisfiictorily, the nature of spatial magnitudes, leayes 
/^ obscure the true ground for this nature, which lies in the 
nature of space as a system of relations, and is anterior to the 
possibility of regarding it as a system of magnitudes at all. 

But to proceed with the mathematical development of 
Biemann's ideas. We have seen that he declared measurement 
to consist in a superposition of the magnitudes to be compared. 
But in order that this may be a possible means of determining 
magnitudes, he continues, these magnitudes must be inde- 
pendent of their position in the manifold (p. 259). This can 
occur, he says, in several ways, as the simplest of which, he 
that the lengths of lines are independent of their 
position. One would be gkd to know what other ways are 
possible: for my part, I am unable to imagine any other 
hypothesis on which magnitude would be independent of place. 
Setting thii aside, however, the problem, owing to the fret that 
measurement consists in superposition, becomes identical with 
tlie determination of the most general manifold in which 
magnitudes are independent of piace. This brings us to 
Biemann*s other fundamental conception, which seems to me 
even more fruitful than that of a manifold. 

90. (2) ifsa#tfr0 of ewrvaiur$. This conception is due to 
Ganss^ but was applied by him only to surfaces; the novelty in 
Biemann's dissertation was its extension to a manifold of n 
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dimensions. This extension, however, is rather briefly and 
obscurely expressed, and has been further obscured by Heloi- 
holtz's attempts at popular exposition. The term eurvaiure, 
also, is misleading, so that the phrase has been the source of 
more misunderstanding, even among mathematicians, than any 
other in Pangeometry. It is often forgotten, in spite of 
Helmholtz's explicit statements that the '* measure of cur- 
vature" of an n-dimensional manifold is a purely analytical 
expression, which has only a symbolic affinity to ordinary 
curvature. As applied to three-dimensional space, the implica- 
tion of a four-dimensional " plane " space is wholly misleading ; ^ 
I shall, therefore, generally use the term -space-constant instead*. 
Nevertheless, as the conception grew, historically, out of that 
of curvature, I will give a very brief exposition of the historical 
development of theories of curvature. 

Just as the notion of length was originally derived from the ^^ 
straight line, and extended to other curves by dividing them 
into infinitesimal straight lines, so the notion of curvature was ' 
derived from the circle, and extended to other curves by 
dividing them into infinitesimal circular arcs. Curvature may 
be regarded, originally, as a measure of the amount by which a ^ ^ I ^ 

curve departs from a straight line ; in a circle, which is similar f \ 

throughout, this amount is evidently constant, and is measured t 

by the reciprocal of the radius. But in all other curves, the ! 

nmount of curvature varies from .point to point, so that it 
3annot be measured without infinitesimala Th^ measure 
which at once suggests itself is, the curvature of the circle most 
aearly coinciding with the curve at the point considered, 
^.ince a circle is determined by three points, this circle will 
pass through three consecutive points of the curva We have 
AvM defined the curvature of. any curve, phine or tortuous; for, 
lince any three points lie in a plane, such a circle can always 
^e described. 

If we now pass to a surface, what we want is, by analogy, 
, measure of its departure firom a plane. The curvature, as 
hove defined, has become indeterminate, for through any point 
f the surface we can draw an infinite number of arcs, which 

Yortritse nnd Reden, Vol. n. p. IB. • Cf. KMn, Nieht-Ealilid, i. p. IGO. / 
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will not, in general, all ha^e the same curvalore. Let ns, then, 
draw all Hbe geodesies joining the point in question to neigh- 
booring points of the sur&oe in all directions. Since these 
an» form a singly infinite manifold, there will be among 
them, if they have not all the same curvature, one aro of 
maximum, and one of minimum curvature^ The product of 
these maximum and minimum curvatures is called the meamire 
of ctcrtia^re of the surfoce at the point under consideration. 
To illustrate by a few simple examples: on a sphere, the 
curvatures of all such lines are equal to the reciprocal of the 
radius of the sphere, hence the measure of curvature eveiy- 
where is the square of the reciprocal of the radius of the sphere. 
On any sur&oe, such as a cone or a cylinder, on which stndght 
lines can be drawn, these have no curvature, so that the 
measure of curvature is everywhere aero — ^this is the case, in 
particular, with the plane. In general, however, the measure 
€)f curvature of a surface varies from point to point 

Gauss, the inventor of this conception', proved that, in 
Older that two surfaces may be developable upon each other 
— xjB. may be such that one can be bent into the shape of the 
other without stretching or tearing — ^it is necessary that 
*the two sur&oec should have equal measures of curvature at 
corresponding points. When this is the case, every figure 
which is possible on the one is, in general, possible on the 
other, and the two have practically the same Geometry'. As 
f « corollary, it follows that a necessary condition, for the free 
mobility of figures on any surfiice, is the constancy ^f the 

> Siiiw «• M» eontlderiiig tlM oniratare at ft poinl, we are only ooneemed 
erith Ihe Snl iaflaiieiimel demento of the geodetioe thai etart from raeh a 
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measure of curvature*. This condition was proved to be 
sufficient, as well as necessary, by Minding*, i^^^ - 

21. 8flL£^» fill hflfi be^n jjlain sailingy-we have beeri dealing 
with purely geometrical ideas in a purely geometrical manner 
— but we have not, as yet, found any sense of the measure of 
curvature, in which it can be extended to space, still less to 
an n-dimen^ional manifold. For this purpose, we must examine 
Gauss's method, which enables us to determine the measure 
of curvature of a surface at any point as an inherent property, 
quite independent of any reference to the third dimension. 

The method of determining the measure of curvature finom 
within is, briefly, as follows: If any point on the sur&oe be 
determined by two coordinates, tt, v, then small arcs of the 
surface are given by the formula 

where E, F, are, in general, functions of u, v.* From this 
formula alone, without reference to any space outside the sur- 
face, we can determine the measure of curvature at the point 
tt, v, as a function of E, F, and their differentials with respect 
to u and v. Thus we may regard the measure of curvature of j 
a surface as an inherent property, and the above geometrical 
definition, which involved a reference to the third dimension, 
may be dropped. But at this point a caution is necessary. It 
will appear in Chap. III. (§ 176), that it is logically impossible 
to set up a precise coordinate system, in which the coordinates 
represent spatial magnitudes, without the axiom of Free 
Mobility, and this axiom, as we have just seen, holds on sur- 
fikces only when the measure of curvature is constant. Hence 
our definition of the measure of curvature will only be really 
free from reference to the third dimq^isipn, when we are dealing 
with a surface of constant measure of curvature— a point which 

Si 

' For w« maj oondder two diflaront p*rta of tho laiiM inrfiMe m eonw- 
iponding parts of different iiirfMee; the above propoeitio& then ehows that a 
figure can be reprodnoed in one part when it hat been drawn in anothor, if the 
meararee of onrratore eoneipond in the two parte. 

* OreUe, Vole, xnc, zz., 1S8(M0. 

' In this fonnola, ti, v majr be the lengths of lines, or the angles between 
lines, drawn on the soHaos^ and hafing thus no neeossaiy leteenee to a 
dinensioB. 
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Biemaim .entirely overiookB. This caaiion, howoyer, applioii 
only in space, and if we take the coordinate qretcm as preeiip- 
poscd in the conception of a manifold, wo may neglect the 
caution altogethor^while romembering.that the pcMibility of 
a coordinate syiitem in space involves axioms to be investi- 
gated later. We can thus see how a meaning might be found, 
without reference to any higher dimension, for a constant 
measure of curvature of three^imensional space, or for any 
measure of curvature of an n-dimensional manifold in genend. 
22. Such a meaning is supplied by Biemann's dissertation, 
to which, after this long tiigression, we can now return. We 
may define a continuous manifold as any continuum of elements, 
such that a single element is defined by n continuously variable 
magnitudes. This definition does not really include space, for 
coordinates in space do not define a point, but its relations to 
the origin, which is itself arbitraiy. It includes, however, the 
analytical conception of space with which Riemann deals, and 
mayj therefore, be allowed to stand for the moment. Riemann 
then assumes that the diflference — or distance, as it may be 
loosely called — ^between any two elements is comparable, as 
r^pards magnitude, to the difference between any other twa 
He assumes further, what it is Helmholtz's merit to have 
proved, that the difference di between two consecutive elements 
ean be expressed as the square root of a quadratic ftmction of 
the differences of the coordinates : is, 

• 

cb*  Si^ Si" aik dwi . <b^, 

where the coefficients oa are, in general, functions of the coordi- 
nates «^«%...4?ft.* The question is: How are we to obtain a 
definition of the measure of curvature out of this formula ? It is 
noticeable, in the first place, that, just as in a surface we found 
ah infinite number of radii of curvature at a point, so in a 
manifold of three or more dimensions we must find an infinite 
number of fMcuuret of curvature at a point, one for every two- 
dimensional manifold passing through the point, and contained 
in the higher manifold. ' What we have first to do, therefore, is 

1 b vImiI foOowi, I hvf gifm nlUh&g Kkka*9 rapotltion of fiiMuuin, thAn 
Bkminn't oim Mooanft. TIm fomMr it nmh dMrtr Mid teltor, and nol 
■rtsttntisHj diflewnl to wy wiy. ▼.Xldii,Niehi.BiilrUa, t. pp. SOSff. 
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to dofine mob, two-dimeoHional manifolds. They must ooniiist, 
as we saw on the surface, of a singly infinite series of geodesies 
through the point Now a goodusio is oomploteiy determined 
.by one point and its direction at that point, or by one point 
and the next consecutive point. Hence a geodesic through 
the point conMiderod is detciminod by the ratios of the in- 
crements of coordinates, dssid^.,, dx^. Suppose we have two 
such goodottics, in which the Ah increments are respectively 
dwi and d'ao Then all the geodesies given by 

form a singly infinite series, since they contain one para* 

meter, namely \' : X''. Such a series of geodesies, therefore, 

must form a two-dimeuHional mani- ^ ^^ 

fold, with a measure of curvature 

in the ordinary Gaussian sonsa 

This measure of curvature can be 

determined from the above for- \ \, /^V*'i^+XVi^ 

mula for the elementary arc, by 

the help of Gauss's general fonnula ' 

alluded to above. We thus obtain an infinite number of 

measures of curvature at a point, but from ' ' ^* " ' of these, 

the rest can be deduced (Biemann, Oesammelte Werke, 
p. 262). When all the measures of curvature at a point are 
constant, and equal to all the measures of curvature at any 
other point, we get what Riemaim calls a manifold of constant 
curvature. In such a manifold free mobility is possible, and 
positions do not differ intrinsically from one another. If a 
be the measure of curvature, the formula for the arc becomes, 
in this case. 
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In this case only, as I pointed out above, can the term "measure 
of curvature " be properly applied to space without reference 
to a higher dimension, since tree mobility is logically indis- 
pensable to the existence of quantitative or metrical Geometry. 
28. The mathematical result of Biemann's dissertation 
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may be summed up as foUowa Assuming it possible to apply 
magnitude to space, ml to determine its elements and figures 
by means of algobratoal quantities, it follows that space can be 
brought under the conception of a manifold, as a system of 
quantitatively determinable elements. Owing, however, to the 
peculiar nature of spatial measurement, the quantitative deter- 
mination of space demands that magnitudes shall be independent 
of place— in so fiir as this is not the case, our measurement will 
be necessarily inaccurate. If we now assume, as the quantitative 
relation of distance between two elements, the square root of a 
quadratic function of the coordinates — a formula subsequently 
proved by Helmholtz and Lie — ^then it follows, since magnitudes 
aro to be independent of place, that space must, within the 
limits of observaticm, have a constant measure of curvature, or 
must, in other words, be homogeneous in all its parts. In the 
infinitesimal, Riemann says (p. 267), observation could not 
detect a departure from constancy on the part of the measure 
of curvature ; but he makes no attempt to show how Geometry 
could remain possible under such circumstances, and the only 
Gfeometry he has constructed is based entirely on Free Mobility. 
I shall endeavour to prove, in Chapter III., that any metrical 
Geometry, whish should endeavour to dispense with this axiom, 
would be logically impossible. At present I wiU on ly point out 
^h^Biemann, in spite of his desire to prove that allTliS AXiuuis^ 
< an*Bydl8pe !lfted with, has nevertheless, in his mathematical 
work, retained tnree fundamental axioms, namely. Free Mobility, 
the finite integral number of dimensions, and the axiom that 
two points have a unique relation, namely distance. These, as 
we shall see hereafter, are retained, in actual mathematical 
work, by all metrical Metageometers, even when they believe, 
like Riemann and Helmholtz, that no axioms are philosophically 
indispensable. 

84. HdmhoUit the historically nearest follower of Riemann, 
was guided by a similar empirical philosophy, and arrived 
independently at a very similar method of formulating the 
axioms. Although Helmholti published nothing on the subject 
until after Riemann's death, he had then only just seen 
Biemann's dissertation (which was published posthumously), 
•od had worked out his results, so &r as they were then 
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completed, in entire independence both of Riemann and of 
Lobatchewsky. Helmholtz is by far the meet widely read of 
all writers on Metageometry, and his writings, almost alone, 
represent to philosophers the modem mathematical standpoint 
on this subject. But his importance is much greater, in this 
domain, as a philosopher than as a mathematician ; almost his 
only original mathematical result, as regards Geometry, is his 
proof of Riemann's formula for the infinitesimal arc, and even 
this proof was far from rigid, until Lie reformed it by his 
method of continuous gronp& In this chapter, therefore, only 
two of his writings need occupy us, namely the two articles 
in the WiasenschafUiche AhhandXangen^ Vol. ii., entitled reispeo- 
tively "Ueber die thatsachlichen Qrundlagen der Qeometrie,"^ 
1866 (p. 610 if.)i and " Ueber die Thatsachen, die der Geometrie 
zum Grunde liegen,'' 18G8 (p. 618 ff.). 

26. In the first of these, which is chiefly philosophical, 
Helmholtz gives bints of his then uncompleted mathematical 
work, but in the main contents himself with a statement of 
results. He announces that he will prove Riemann's quadratic 
formula for the infinitesimal arc ; but for this purpose, he says, 
wo have to staH with Congruence, since without it spatial 
measurement is impossible. Nevertheless, he maintains that 
Congruence is proved by experience. How we could, without 
the help of measurement, discover lapses firom Congruence, is a 
point which he leaves undiscussed. He then enunciates the 
four axioms which he considers essential to Geometry, as 
follows : 

('1) As regards continuity and dimensions. In a space of 
n dimensions, a point is uniquely determined by the measure* 
ment of n continuous variables (coordinate. 

(2) As regards the ejeistence of moveable rigid bodies. 
Between the 2n coordinates of any point-pair of a rigid body, 
there exists an equation which is the same for all congruent 
point-pairs. By considering a sufficient number of point-pairs, 
we get more equations than unknown quantities : this gives us 
a method of determining the form of these equations, so as to 
miltos it possible for them all to be satisfied. 

t3) As regards free mobilitg. Every point can psoB fireely 
and continuously from one position to another. From (2) and 
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(3) it follows, that if two syBtems A and B can be brought into 
oongnience in any one position, this is also possible in every 
odier position. 

(4) As reffords independence of roiation in rigid bodiee 
(Monodromy). If (n - 1) points of a body remain fixed, so that 
every other point can only describe a certain conre, then that 
conre is closed. 

These axioms, says Helmholtas, suffice to give, with the 
axiom of three dimensions, the Euclidean and non-Euclidean 
qrstems as the only alternatives. That they euffice^ mathe- 
matically, cannot be denied, but they seem, in some respects, 
to go too fiur. In the first place, there is no necessity to make 
the axiom of Congruence apply to actual rigid bodies— on this 
snbject I have enlarged in Chapter II.* Again, Free Mobility, 
as distinct from Congruence, hardly needs to be specially 
formnlated : what barrier could empty space offer to a point's 
progress? The axiom is involved in the homogeneity of 
space, which is the same thing aft the axiom of Congruence. 
Monodromy, also, has been severely criticised; not only is it 
evident that it might have been included in Congruence, but 
even from the purely analytical point of view, Sophus Lie has 
proved it to be siiperfluotis*. Thus the axiom of Congruence, 
rightly formulated, includes Helmholtz's third and fourth 
axioms and part of his second axiom. All the four, or rather, 
as much of them as is relevant to Geometry, are consequences, 
as we shall see hereafter, of the one fundamental principle of 
the relativity of position. 

28. The second article, which is mainly mathematical, 
snpplies the promised proof of the arc-formula, which is Helro- 
holts's most important contribution to Geometry. Riemann 
had asBumed this formula^ as the simplest of a number of 
alternatives: Helmholts proved it to be a necessary conse- 
quence, of his axioms. The present paper begins with a short 
repetition of the first, including the statement of the axioms, to 
which, at the end of tho paper, two more are added, (5) that 
apaoe has three dimensicms, and (6) that spaoe is infinite. It 

> 8M«e9-71. 
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is supposed in the text, as also in the first paper, that the 
measure of curvature cannot be negative, and, consequently, 
that an infinite space must be Euclidean. This error in both 
papers is corrected in notes, added after the appearance of 
Beltrami's paper on negative curvature. It is a sample of 
the slightly unprofessional nature of Helmholtz's mathematical 
work on this subject, which elicits finom Klein the following 
remarks': "Helmholtz is not a mathematician by profession, 
but a physicist and physiologist.... From this non-mathematical 
quality of Helmholtz, it follows naturally that he does not 
treat the mathematical portion of his work with the thorough- 
ness which one would demand of a mathematician by trade 
(van Fach)!* He tells us himself that it was the physiological 
study of vision which led him to the question of the axioms, 
and it is as a physicist that he makes his axioms refer to actual 
rigid bodies. Accordingly, we find errors in his mathematics, 
such as the axiom of Monodrumy, and the assumption that the 
measure of curvature must be positive. Nevertheless, the 
proof of Riemann's arc-formula is extremely able, and has, on 
the whole, been substantiated by Lie's more thorough investi- 
gations. 

27. Helmholtz's other writings on Geometry are almost 
wholly philosophical, and will be discussed at length in 
Chapter II. For the present, we may pass to the only other 
important writer of the second period, BeUrami As his work is 
purely mathematical, ajjld contains few controverted points^ it 
need not, despite its great importance, detain us long. 

The ''Saggio di Interpretasdone della (}eometria non- 
Eudidea*," which is principally confined to two dimensions, 
interprets Lobatchewsky's results by the characteristic method 
of the second periods^ It shows, by a development of the work 
of Qauss and Mindmg', that all the propositions in plane 
Oeometry, which Lobatchewsky had set forth, hold, within 
ordinary Euclidean space, on surfaces of constant negative 

1 Nieht-Eoklid, i. pp. 25S-9. 

* Oiomale di liUteiiifttMlM, Vol. ti., 1S6S. TrandAted into Franeh bgr 
J. Hottel in the "AnnalM SdentiiiqiiM d« r&oto Normate SapMmin^'* 
Vol. ▼!. 1S69. 

* Ordle'f Journal, Vola. six. nu, 1880-40. 
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curvature. It is strange, as ELlein points ootS that this inter- 
pretation, which was known to Riemann and perhaps even to 
Gauss, should have remained so long without explicit statement 
This is the more strange, as Lobatchewsky's "O^m^trie 
Imaginaire" had appeared in Crelle, Vol. xyii.*,and Minding's 
article, from which the interpretation follows at once, had 
appeared in Crelle, Vol. xix. Minding had shewn that the 
Geometry of surfaces of ccmstant negative curvature, in par- 
..^ ticular as regards geodesic triangles, could be deduced from 
^^ v>>^that of the sphere by giving the radius a purely imaginary 
v^'^^^'-' value %a\ This result, as we have seen, had also been obtained 

v^ by Lobatchewsky for his Geometry, and yet it took thirty years 

for the connection to be brought to general notice. 

28. In Beltrami's Saggio, straight lines are, of course, 
replaced by geodesies; his coordinates are obtained through 
a point-by-point correspondence with an auxiliary plane, in 
which straight lines correspond to geodesies on the surfiice. 
Thus geodedcs have linear equations, and are always uniquely 
determined by two points. Distances on the surfiice, however,' 
are not equal to distances on the plane ; thus while the sur&oe 
is infinite, the corresponding portion of the plane ia contained 
within a certain finite circle. The distance of two points on 
the surface is a certain function of the coordinates, not the 
ordinary function of elementary Geometry. These relations 
of plane and surface are important in connection with Gayley's 
theory of distance, which we shall have to consider next If 
we were to define distance on the plane as that function of 
the coordinates which gives the corresponding distance on the 
surfiM^e, we should obtain what Klein calls "a plane with a 
hyperbolic system of measurement (MtuAeaHmmung)," in which 
Cayle/s theory of distance would hold. It is evident, however, 
that the ordinary notion of distance has been presupposed in 
setting up the coordinate system, so that we do not really 

> Nkht-BsUid, I. p. 190. 

* Thif srtid* it mon trigononietrkml and Mialjtioal thftn tht Otmuui book, 
sai tfiflrolofs nskM tho sboro Intoiiitctotion paraUsiij ofidoBl. 

* Booh swIiMtt MS by BO ibmum pMrtionUrij lomoto. Quo of tlwm, for 
TTf—r**! b fomiod bgr Um rtfolalion of ttit oobibioii TiMtiix 
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get alternative Geometries on one and the same planeu The 
bearing of these remarks will appear more fully when we come 
to consider Cayley and Klein. 

29. The value of Beltrami's Saggio, in his own eyes, lies in 
the intelligible Euclidean sense which it gives to Lobatchewsk/s 
planimetry : the corresponding system of Solid Geometry, since 
it has no meaning for Euclidean space, is barely mentioned in 
this work. In a second paper', however, almost contempcnaneoos 
with the first, he proceeds to consider the general theory of 
n-dimensional manifolds of constant negative curvature. This 
paper is greatly influenced by Riemann's dissertation ; it b^;in8 
with the formula for the linear element, and proves from this 
first, that Congruence holds for such spaces, and next, that 
they have, according to Riemann's definition, a constant negative 
measure of curvature. (It is instructive to observe, that both 
in this and in the former Essay, great stress is laid on the 
necessity of the Axiom of Congruence.) 

This work has less philosophical interest than the former, 
since it does little more than repeat, in a general form, the 
results which the Saggio had obtained for two dimensions — 
results which sink, when extended to n dimensions, to the 
level of mere mathematical constructions. Nevertheless, the 
paper is important, both as a restoration of negative curvature, 
which had been overlooked by Helmholtz, and as an analytical 
treatment of Lobatchewsky's results — a treatment which, to- 
gether with the Saggio, at last restored to them the prominence 
they deserved. 

Third Period. 

SO. The third period differs radically, alike in its methods 
and aims, and in the underlying philosophical ideas, from the 
period which it replaced. Whereas everything, in the second 
period, turned on measurement, with its apparatus of Coii* 
gruence, Free Mobility, Rigid Bodies, and the rest, these 
vanish completely in the third period, which, swinging to the 
opposite extreme, regards quantity as a perfectly irrelevant 

1 "TeoriA fondunoiftftto degU ipaiii di eartatan eottMEto," AbmU tt 
MataiiMlies, n. Vol S, 1006-9. AIm tiMMbted Vf J. HMM, Ue.eU. 
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category in Geometry, and divpenses with oongruenoe and the 
method of saperpoidtion. The ideas of this period, unfortu- 
nately, have foiund no exponent so philosophical as Riemann 
or Helmholts, but have been set forth only by technical 
mathematicians. Moreover the change of fundamental ideas, 
which is immense, has not brought about an equally great 
change in actual procedure ; for though spatial quantity is no 
* longer a part of projective Geometry, quantity is still employed, 
and we still have equations, algebraic transformations, and so 
on. This is apt to give rise to confusion, especially in the 
mind of the student, who fiiils to realise that the quantities 
used, so far as the propcsitions are really prajective, are mere 
names for points, and not, as in metricdi Geometry, actual 
spatial magnitudes, 
o NevortholoHS, the Amdamontal difforonco botweon this period 

\ and the former must strike any one i \ji onciy Whereas Biomaim 

and Helmholtz dealt with metrical ideas, and took, as their 
foundations, the measure of curvature and the formula for the 
linear element — both purely metrical — the new method is 
erected on the formulae for transformation of coordinates re- 
' quired to express a given collineation. It begins by reducing 
all so-aUlod metrical notions — distance, angle, eta — to projective 
forms, and obtains, from this reduction, a mothodological uikity 
and simplicity before impossiblo. This roduotiou depends, 
however, except where the space-constant is negative, upon 
imaginary figures — in Euclid, the circular points at infinity; it is 
moreover purely symbolic and analytical, and must be regarded 
as philosophically irrelevant As the question concerning the 
import of this reduction is of fundamental importance to our 
theoiy of Geometiy, and as Cayley, in his Presidential Address 
to the British Association in 1883, formally challenged philo- 
sophers to discuss the use of imaginarios, on which it depends, 
I will treat this question at some length. But first let us see 
how, as a matter of mathematics, the reduction Is effected. 

SL We shall find, throughout this period, that almost 
every important propoeiti<m, though misleading in its obvious 
interpretation, has nevertheless, when rightly interpreted, a 
wide philosophical bearing. So it is with the work of Oayhy^ 
the pioneer of the projective method 
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The projective formula for angles, in Euclidean Geometr}r» 
was first obtained by Laguerre, in 1853. This formula had, 
however, a perfectly Euclidean character, and it was left for 
Cayley to generalize it so as to include both angles and 
distances in Euclidean and non-Euclidean systems alike^ 

Cayley was, to the last, a staunch supporter of Euclidean 
9pacet though he believed that non-Euclidean Gewutriea could 
be applied, within Euclidean space, by a change in the definition 
of distance*. He has thun, in spite of his Euclidean orthodoxy, 
provided the believers in the possibility of non-Euclidean spaces 
with one of their most poweiful weapons. In his "Sixth 
Memoir upon Quantics" (18.59), he set himself the task of 
"establishing the notion of distance upon purely descriptive 
principles." He showed that, with the ordinary hotion of 
distance, it can bo rendered projective by reference to the 
oiiKsulnr points and the lino at infinity, and thiit the same is 
true of angles*. Not content with this, he suggested a new 
definition of distance, an the inverse sine or codne of a certain 
function of the coordinates; with this definition, the properties 
usually known as metrical become pr«ijective properties, having 
reference to a certain conic, called by Cayley the Absolute. 
(The circular points are, analytically, a degenerate conic, so 
that oiYlinary Geometry forms a particular case of tho above) 
He provoH that, when the Absolute ih an imaffiuary conio, the 
Qcomotiy ho obtained for two dinicnsionM is spherical Geometry. 
The correspondence with Lobatchewsky, in the case where 
the Absolute is real, is not worked out: indeed there is, 
throughout, no evidence of acquaintance with non-Euclidean 
systema The importance of the memoir, to Oayley, lies 
entirely in its proof that metrical is only a branch of de- 
scriptive Geometry. 

82. The connection of Cayloy's Theory of Distance with 
Metageometry was first pointed out by Klein! Klein showed 
in detail that, if the Absolute be real, we get Lobatchewsk/s 

> See Klein, Nioht-Eiikiid, i. p. 47 ff., and the feferenoet tbtn given. 
' See qaotfttion below, ftom hie Britieh Aeeooietion Addraee. 
* CompAre the opening sentence, doe to Geylegr, of Salmon's Rii^ier Pleao 
Oortes. 

^ V. Nicht-Eaklid, i. Ghaps. i. and n. 
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S^iyperbolio) eyBtem ; if it be imagiimiy, we get either 
eometiy or a new Bysteni, analogoue to that of Helmhoiti, 
called by Klein elliptic ; if the Abeolute be an imaginaiy 
point-pair, we get parabolic Oeometiy» and if, in particular, 
the point-pair be the cirouhir points, we get ordinaiy Euclid. 
In elliptic Oeometiy, two Btraight lines in the same pbuie meet 
in only one point, not two as in Helmholti's system. The 
distincticHi between the two kinds of Geometry is difficulty 
and will be discussed later. 

8S. Since tiiese systems are all obtained from a Euclidean 
plane, by a mere alteration in the definition of distance, Oayley 
and Klein tend to regard the whole question as one, not of 
the nature of space, but of the definition of distance. Since 
this definition, on their view, ui perfectly arbitrary, the phi- 
losophical problem vanishes— Euclidean vpace is left in un- 
disputed po ssess ion, and the only problem remaining is one 
of oonTcntion and mathematical convenience\ This view has 
been forcibly expressed by Poincard: "What ought one to 
think," he says, "of this question : Is the Euclidean Geometry 
true? The question is nonsense." Geometrical axioms, ac- 
cording to him, are mere conventions j they are "definitions 
in disguise'*" Thus Klein blames Beltrami for regarding his 
auxiliary plane as merely auxiliary, and remarks that, if he 
had known Oaylejr's Memoir, he would have seen the relation 
between the plane and the peeudosphere to be far more intimate 
than he supposed*. A view which removes the problem entirely 
from the arena of philosophy demands, plainly, a full dis- 
cussion. To this discussion we will now proceed. 

84. The view in question has arisen, it would soom, from 
a natural confusion as to the nature of the coordinates em- 
ployed. Those who hold the view have not adequately realised, 
I believe, that their coordinates are not jpoiiat quantities, as 
in metrical Geometry, but mere conventional signs, by which 
different points can be distinctly designated! There is no 
reason, therefore, until we abeady have metrical Geometry, 

> 8Mp.eofOiQrl«j^MUTCMtotlMBril.AM.1888. AIm a q«otetiott from 
XMa in SidmMiB'i AikmM dtr Oeomtlrie, p. Itil note. 
• Matort, VoL ut. p. 407. 

s RMrt-BoUki, I. p. aoa 
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for regarding one function of the coordinates as a better ex- 
pression of distance than another, so long as the fundamental 
addition-equation^ is preserved. Hence, if our coordinates are 
regarded as adequate for all Qeometry, an indeterminateness 
arises in the expression of distance, which can only be avoided 
by a convention. But projective coordinates — so our ailment 
will contend— though perfectly adequate for all projective 
properties, and entirely free from any metrical presupposition, 
are inadequate to express metrical properties, just because they 
have no metrical presupposition.- Thus where metrical pro- 
perties are in question, Beltrami remains justified as against 
Klein; the reduction of metrical to projective properties is 
only apparent, though the independence of these last, as against 
metrical Oeometry, is perfectly real 

36. But what are projective coordinates, and how are they 
introduced? This question was not touched upon in Cayley^a 
Memoir, and it seemed, therefore, as if a logical error were t ' 

involved in using coordinates to define distance. For ooor- - i 

dinates, in all previous systems, had been deduced from dis- | 

tance ; to use any existing coordinate system in defining distance \ i 

was, accordingly, to incur a vicious circle. Cayley mentions 
this difficulty in a note, where he only remarks, however, 
that he had regarded his coordinates as numbers arbitrarily' ^F 

assigned, on some system not further investigated, to different j ^ 

pointa The difficulty has been treated at length by Sir R. ]^ 

Ball (Theory of the Content, Trana R I. A. 1889), who uiges f ^ 

that if the values of our coordinates already involve the usual ,'^i 

measure of distance, then to give a new definition, while retain- * |^ 1 

ing the usual coordinates,' is to incur a contradiction. He says j^ i 

(op. cit p. 1) : " In the study of non-Euclidean Oeometry I have ^ 4 

often felt a difficulty which has, I know, been shared by others. ^ 

In that theoxy it seems as if we try to replace our ordinaiy '^ 

notion of distance between two points by the logarithm of -^ 

a certain aQharmonic ratio*. But this ratio itself involves the fth^ 

notion of distance measured in the ordinary way. How» then, i.^ 

^ L6.ih«eqiiatioiiilJ9-fBC«iilC, forthreepoiiitoiaoMrtraislilUiM. ; i^^ 

' The formnlft ralwtitoted hf Klein for Gftjl^*! iafWM liiw or oonaa. : i^ 

The two ue eqnivaleiit, hot Kleiii*e is msthromtiaiHy ameh the 

oooteDient. 
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CMi we Buponede our M notion of distanoe by the non- 
Eaclidean notion, uuunnach as the terjr definition cf the ktter 
mvoUea the former?" 

88. This objection is valid, we must admit, so long as 
aoharmonic ratio is defined in the ordinaiy metrical manner. 
It would be valid, for example, against any attempt to found 
a new definition of duBtanoe on Cremona's account of an- 
harmonic ratio\ in which it appears as a metrical property 
unaltered by projective transformation. If a logical enor is 
to be avoided, in ttici, all reference to spatial magnitude of 
any kind must be avoided; for all spatial magnitude, as will 
I be shown hereafter', is logically dependent on the fundamental 
magnitude of distance. Anharmonic ratio and coordinates 
must alike be defined by purely descriptive properties, if the 
use afterwards made of them is to be free fit>m metrical pre- 
suppositions, and therefore from the objections of Sir R Ball 

Such a definition has been satis&ctorily given by Klein', 
who appeals, for the purpose, to v. Staudt's quadrilateral con- 
structionl By this construction, which I have reproduced in 
outline in Chapter ill. Section A, § 112 ff., we obtain a purely de- 
scriptive definition of harmonic and anharmonic ratio, and, given 
a pair of points, we can obtain the harmonic conjugate to any 
third point on the same straight line. On this construction, the 
introduction of projective coordinates is based Starting with 
any three points on a straight line, we assign to them arbitrarily 
the numbers 0, 1, oo . We then find the harmonic conjugate to 
the first with respect to 1, oo , and assign to it the number 2. 
The object of assigning this number rather than any other, is 
to obtain the value —1 for the anharmonic ratio of the four 
numbers corresponding to the four points'. We then find the - 
harmonic conjugate to the point 1, with respect to 2, oo , and 
masign to it tiie number S ; and so on. Klein has shown that 
by this construction, we can obtain any number of points, and 

*'BleBMita 9i Fioi«otiT« OeooMtqr, Beooiid BditfiNi, Osfoid, 1S9S, 

* Ohap. m. SaetioB B, 

» SwNiebt-SakUd, i. p. SSSIT. 

« 8« Ui QMOMlrfo der I«i«, I S, HMnMnlielM CMilMfl. 
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can construct a point corresponding to any given number, 
fractional or negative. Moreover, when two sets of four points 
liave the saine anharmonic ratio, descriptively deBned\ the 
corresponding numbers also have the same anharmonic ratia 
By introducing such a numerical system on two straight lines^ 
or on three, we obtain the coordinates of any point in a pUne* 
or in space. By this construction, which iS of fiindamental 
importance to projective Geometry, the logical error, upon 
which Sir R Ball bases his criticism, is s6tis£Eu;torily avoided. 
Our coordinates are introduced by a purely descriptive method, 
and involve no presupposition whatever as to the measurement 
of distance. 

S7. With this coordinate system, then, to define distance 
AS a certain function of the coordinates is not to be guilty of 
a vicious circle. But it by no means follows that the deii- ^ 
nition of distance is arbitrary. All reference to distance has 
been hitherto excluded, to avoid metrical ideas; but when 
distance is introduced, metrical ideas inevitably reappear, and 
we have to remember that our coordinates give no information, 
pri^nd facie, as to any of these metrical ideas. It is open to v. 
us, of course, if we choose, to continue to exclude distance in 
the ordinary sense, as the quantity of a finite straight line, 
and to define the word distance in any way we please. But 
the conception, for which the word has hitherto stood, will 
then require a new name, and the only result will be a con- 
fusion between the apparetU meaning of our propositions, to 
those who retain the associations belonging to the old sense 
of the word, and the real meaning, resulting firom the new 
sense in which the word is used. 

This confusion, I believe, has actually occurred, in the case 
of those who regard the. question between Euclid and Meta- 
geometry as one of the definition of distance. Distance is a ; 
quantitative rehition, and as such presupposes identity of 
quality. But projective Geometry dcMtls only with quality — 
for which reason it is called descriptive— and cannot distinguish 
between two figures which are qualitatively alike. Now the 
meaning of qualitative likeness, in Geometry, is the 



' I.e. M InunforoMbto into eaeh othor hj a MUinestkNi. 8m Chtp. m. 
See. A, 1 110. 
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of matual transformation by a collineation '. Any two pairs of 
points on the same straight line, therefore, are qoalitadvely 
alike ; their only qualitative relation is the straight line, which 
both pairs have in ooromon; and it is exactly the qualitative 
i' identity of the relations of the two pairs, which enables the 

I difference of their relations to be exhaustively dealt with by 

quantity, as a difference of distance. But where quantity is 
I excluded, sny two pairs of points on the same straight line 

appear as alike, and even any two sets of three : for any three 
points on a straight line can be projectively transformed into 
any other three. It is only with /otir points in a line that we 
acquire a projective property distinguishing them from other 
sets of four, and this property is anharroonic ratio, descript- 
I ively defined. The projective Geometer, therefore, sees no 

\ reason to give a name to the relation between two points, in so 

fiyr as this relation is anything over and above the unlimited 
I \ straight line on which they lie ; and when he introduces the 

]• notion ot distance, he defines it, in the only way in which 

projective principles allow him to define it, as a relation between 
/our points. As he nevertheless wishes the word to give him 
the power of distinguishing between different pairs of points, 
he agrees to take two out of the four points as fixed. In this 
way, the only variables in distance are the two remaining 
points, and distance appeara, therefore, as a function of tufo 
variables, namely the coordinates of the two variable points. 
When we have further defined our function so that distance 
j may be additive, we have a function with many of the proper- 

1 ties of distance in the ordinary sense. This function, therefore, 

I the projective Geometer regards as the only proper definition of 



We can see, in fact, from the manner in which our projective 
coordinates were introduced, that some function of these 
coordinates must express distance in the ordinary sense. For 
they were introduced serially, so that, as we proceeded from the 
xero-point towards the infinity-point, our coordinates continually 
grew. To every pointy a definite coordinate corresponded : to 
the distance between two variable points, therefore, as a 
function dependent on no other variables, must correspond 

* 8m Chap. m. 8m. ▲. 
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some definite function of the coordinates, since these are 
themselves functions of their points. The function dtscussed 
above, therefore, must certainly include distance in the ordinary 
sense. 

fiut the arbitrary and conventional nature of distance, aa 
maintained by Poincar^ and Klein, arises fit>m the fact that the 
two fixed points, required to determine our distance in the 
projective sense, may be arbitrarily chosen, and although, when 
our choice is once made, any two points have a definite distance, 
yet, according as we make that choice, distance will become a 
different function of the two variable points. The ambiguity 
thus introduced is unavoidable on projective principles; but 
are we to conclude, from this, that it is really unavoidable? 
Must we not rather conclude that projective Geometry cannot 
adequately deal with distance ? If A, B,G,he three different 
points on a line, there must be same difference between the 
relation of il to £ and of il to C, for otherwise, owing to the 
qualitative identity of all points, B and C could not be dis- 
tinguished. But such a difference involves a relation, between 
A and B, which is independent of other points on the line ; 
for unless wc have such a relation, the other points cannot be 
distinguished as different. Before we can distinguish the two 
fixed points, therefore, from which the projective definition ^ 
starts, we must already suppose some relation, between any 
two points on our line, in which they are independent of other 
points; and this relation is distance in the ordinary sensed 
When we have measured this quantitative relation by the 
ordinary methods of metrical Geometry, we can proceed to 
decide what base-points must be chosen, on our line, in order 
that the projective function discussed above may have the 
same value as ordinary distance. But the choice of these base* 
points, when we are discussing distance in the ordinary sense, 
is not arbitrary, and their introduction is only a technical 
device. Distance, in the ordinary sense, remains a relation 
between two points, not between /our; and it is the fiulure to 
perceive that the projective sense differs fix>m, and cannot 

> It follow! flrom this, th*t the reduetion of meirieftl to piojeelito proportiw, 
•▼•n when, m in hTporbolic Ooomoliy, tbo Ahiolate it vmI, is only appsnni, 
Md hM ft morolj teehniod TiOldily. 
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supenede, the ordinaiy seiMe, which has given rise to the views 
of Ellein and Poincar^. The question is not one of convention, 
but of the irreducible metrical properties of space. To sum 
up: Quantities, as used in projective Qeoroetiy, do not stand 
for spatial magnitudes, but are conventional symbols for purely 
qualitative spatial relations. But distance, 9if4 quantity, 
jHresupposes identity of quality, as the conditicm of quantitative 
comparison. Distance in the ordinary sense is, in short, that 
quantitative relation, between two points on a line, by which 
their diflerence from other points can be defined. The pro- 
jective definition, however, being unable to distinguish a 
collection of less than four points from any other on the same 
straight line, makes distance depend on two other points 
besides those whose relation it defines. No name remains, 
therefore, for distance in the ordinary sense, and many pro- 
jective Geometers, having abolished the name, believe the 
thing to be abolished also, and are inclined to deny that two 
points have a unique relation at all. This confusion, in 
projective Geometry, shows the importance of a name, and 
should make us chary of allowing new meanings to obscure one 
of the fundamental properties of space. 

88. It reir.ains to discuss the manner in which non- 
Euclidean Geometries result from the projective definition of 
distance, as also the true interpretation to be given to this view 
of Metageometi^'. It is to be observed that the projective 
methods which follow Cayley deal throughout with a Euclidean 
plane, on which they introduce different measures of distance. 
Hence arises, in any interpretation of these methods, an 
apparent subordination of the non-Euclidean spaces, as though 
these were less self-subsistent than Euclid's. This subordi- 
naticm is not intended in what follows; on the contrary, the 
correlation with Euclidean space is regarded as valuable, first, 
because Euclidean space has been longer studied and is more 
familiar, but secondly, because this correlation proves, when 
truly interpreted, that the other spaces are self-subsistent. 
We may confine ourselves chiefly, in discussing this inter- 
pretation, to distances measured along a single straight line. 
But we must be careful to remember that the metrical defi- 
nition of distance — which, according to the view here advocated, 
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is the only adequate definition— is the same in Bnclidean and 
in non-Euclidean spaces ; to aigue in its finvour is not, there- 
fore, to ai^e in fiivour of Euclid. 

The projective scheme of coordinates consists of a series of 
numbers, of which each represents a certain anhannonic ratio 
and denotes one and only one point, and which increase 
uniformly with the distance from a fixed origin, until they 
become infinite on reaching a certain point Now Gayley 
showed that, in Euclidean Geometry, distance may be ex- 
pressed as the limit of the logarithm of the anharmonic 
ratio of the two points and the (coincident) points at infinity 
on their straight line ; while, if we assumed that the points at 
infinity were distinct, wo obtained the formula for distance in 
hyperbolic or spherical Geometry, according as these points 
were real or imaginary. Hence it follows that, with the 
projective definition of distance, we shall obtain precisely the 
formulae of hyperbolic, parabolic or spherical Geometry, accord- 
ing as we choose the point, to which the value + 90 is assigned, 
at a finite, infinite or imaginary distance (in the ordinary sense) 
from the point to which we assign the value 0. Our straight 
line remains, all the while, an ordinary Euclidean straight line. 
But we have seen that the projective definition of distance fits 
with the true definition only when the two fixed points to 
which it refers are suitably chosen. Now the ordinary meaning 
of distance is required in noif-Euclideau as in Euclidean 
Geometries — ^indeed, it is only in metrical properties that these 
Geometries differ. Hence our Eiididean straight line, though 
it may serve to illustrate other Geometries than Euclid's, can 
oDly be dealt with correctly by Euclid. Where we give a 
different definition of distance from Euclid s, we are still in the 
domain of purely projective properties, and derive no information 
as to the metrical properties of our straight line. But the 
importance, to Metageometry, of this new interpretation, lies in 
the fact that, having independently established the metrical 
formulae of non-Euclidean spaces, we find, as in Beltrami's 
Saggio, that these spaces can be related, by a homographic 
correspondence, with the points of Euclidean space; and that 
this can be effected in such a manner as to give, for the 
distance between two points of our non-Euclidean space, the 
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hyperbolic or spherical ineaiiure of distance for the oorresponding 

S points of Euclidean space. 

S9. On the whole, then, a modification of Sir R, Ball's view, 
which is practically a generalised statement of Beltrami's method, 
seems the most tenable. He imagines what, with Grassmann, he 
calls a Content, %.$. a perfectly general three-dimensional mani- 
fold, and then correlates its elemento, one by one, with points 
in Euclidean space. Thus every element of the Content ac- 
quires, as ito coordinates, the ordinary Euclidean coordinates 
of the corresponding point in Euclidean space. By means of 
this correlation, our calculations, though they refer to the 
Content, are carried on, as in Beltrami's Saggio, in ordinary 
Euclidean space. Thus the confusion disappears, but with it, 
the supposed Euclidean interpretation also disappears. Sir 
R. Ball's Content, if it is to be a space at all, must be a space 
radically different from Euclid's* ; to speak, as Klein does, of 
ordinary planes with hyperbolic or elliptic measures of distance, 
is either to incur a contradiction, or to forego any metrical 
meaning of distance. Instead of ordinary planes, we have sur- 
&ces like Beltrami's, of constant measure of curvature ; instead 
of Euclid's space, we have hyperbolic or spherical space. At 

l\ the same time, it remains true that we can, by Klein's method, 

give a Euclidean meaning to every symbolic proposition in non- 
Euclidean Geometry. For by substituting, for distance, the 
logarithm above alluded to, we obtaiii, from the non-Euclidean 
result, a result which follows from the ordinary Euclidean 
axioms. This correspondence removes, once for all, the possi- 
bility of a lurking contradictiou in Metageometry, since, to a 
proposition in the one, corresponds one and only one proposition 
in the other, and contradictory resulto in one system, thei-efore, 
would correspond to contradictory resulta in the other. Hence 
Metageometry cannot lead to contradictions, unless Euclidean 
Geometry, at the same moment, leads to oorresponding contra- 
dictiona Thus the Euclidean plane with hyperbolic or elliptic 
measure of distance, though either contradictory or not metrical 
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a§ an independeiii notion, has, as a help in the inteqmtation of 
non-Enclidean results, a very high d^pnee of utility. 

40. We have still to discuss Klein's third kind of non- 
Euclidean Geometry, which he calls elliptia The difference 
between this and spherical Oeometiy is difficult to grasp, but 
it may be illustrated by a simpler example. A plane, as every 
one knows, can be wrapped, without stretching, on a cylinder, 
and straight lines in the plane become, by this operatimi, 
geodesies on the cylinder. The Geometries of the plane and 
the cylinder, therefore, have much in common. But since the 
generating circle of the cylinder, which is one of its geodesies, 
is finite, only a portion of the plane is used up in wrapping it 
once round the cylinder. Hence, if we endeavour to estaUish 
tt point-to-point correspondence between the plane and the 
cylinder, we shall find an infinite series of points on the plane 
for a single point on the cylinder. Thus it happens that 
geodesies, though on the plane they have only one point in 
common, may on the cylinder have an infinite number of inter- 
sections. Somewhat similar to this is the relation between the 
spherical and elliptic Geometries. To any one point in elliptic 
apace, two points correspond in spherical space. Thus geodesies, 
which in spherical space may have two points in common, can 
never, in elliptic space, have more than one intersection. 

But Klein's method can only prove that elliptic Geometry 
holds of the ordinary Euclidean plane with elliptic measure 
of distance. Klein has made great endeavours to enforce the 
distinction between the spherical and elliptic GeometriesS but 
it is not immediately evident that the latter, as distinct from 
the former, is valid. 

In the first place, Klein's elliptic Geometr)% which arises as 
one of the alternative metrical systems on a Euclidean plane or 
in a Euclidean space, does not by itself suffice, if the above 
discussion has been correct, to prove the possibility of an 
elliptic space, i,e. of a space having a point-to-point corre- 
spondence with the Euclidean space, and having as the ordinaiy 
distance between two of its points the elliptic definition of the. 
distance between corresponding points of the Euclidean space. 
To prove this possibility, we must adopt the dii'ect method of 

1 8m Nioht-EttkUd, i. p. 97 ff. and p. SSaff. 
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Newoomb (Crelle's Journal, VoL 83). Now in the fint place 
Newcomb has not proved that his postulates are self-consistent ; 
he has only failed to prove that they are oontradiotory'. This 
would leave elliptic space in the same position in which Lobat- 
chewsky and Bolyai left hyperbolic space. But further there 
seems to be, at first sight, in ^too-dimensional elliptic space, a 
positive contradiction. To explain this, however, some account 
of the peculiarities of the elliptic plane will be necessary. 

The elliptic plane, regarded as a figure in three-dimensioual 
elliptic space, is wjiat is called a double mrbce\ i$. as Newcomb 
says (fee eit p. 298): " The two sides of a complete plane are 
not distinct, as in a Euclidean surfiice.... If... a being should 
travel to distance 2/>, he would, on his return, find himself on 
the opposite surfiice to that on which he started, and would 
have to repeat his journey in order to return to his original 
position without leaving the mxrbce," Now if we imagine a 

I Ntiroomb mji {toe, dl. p. S9S): **TIm qntma hnv Ml forth U fomidad 
OB Um foUowing UiiM potiolAtts. 

**1. I MfNUiii tbftt iptM is triply ezteudfld, uabomidsd, without propMrtiai 
dependont dthor on potiUon or direotioii, And poiiowing ioefa planttMw in its 
•fluOlMt pwta that both tho poftaUtot of tho EnoUdoMi Ooomotiy, and our 
oommon eonetptioni of tho reUitioni of tho ports of ipooo an tmo for ovofy 
iadoAnite^ maU ragioB in ipaoo. 

'*S. I awnmo that thii ipaoe is affsctsd with saoh ounratnrs that a right 
line ahaU always retom into itsslf at ths end of a finite and real distanoe 8Z) 
witboot loeing, in any part of Its ooovm, that qrmmetiy with reepeet to spaee 
on aU sidee of it whioh oonstitates the fkmdamental properly of oar eon- 
oeption of it. 

**9, I assttOM that if two right Ihies emanate tnm tho name point, making 
the fakMnitely NmaU angle a with eaeh other, thehr distanoe apart at the 
dletaaee r ttom the point of iaterseotion will be given by the equation 

The right line tlins has this property in oommon with the BneUdean right Une 
thai two eneh lines intereeet on^ in a single point. It migr be that the number 
of pointe in whieh two soeh linss oaa intersect admit of being determined ttom 
the laws of eunratore, bnt not being able so to determine It, I assome as a 
poet n la te the Auidamental property of the Enelidean right line.'* 

It is pbin that in the abeenee of the determination spoken of, the poesibiiity 
ol elUptie epaee is not estAbUshed, It may be possible, for etample, to prove 
thatk in a spaee where there is a maiimum to distanoe, there must be an hiflnite 
nnmber of straight lines Joinfaig two points of mailmom distanoe. In this 
ovoni, eUiptle epaee wonld beeome impoeeible. 

• Vdr aa elaoMatioB of thie term, sse Klefai, Kieht-EukUd, i. p. M& 
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tioa-dimensional elliptic space, the distinction between the sides 
of a; plane becomes unmeaning, since it only acquires significance 
by reference to the third dimension. Nevertheless, some such 
distinction would be forced upon us. Suppose, for example, 
that we took a small circle provided with an arrow, 
as in the figure, and moved this circle once round 
the universe. Then the sense of the arrow would 
bo reversed. We should thus be forced, either to 
regard the new position as distinct from the former, 
which transforms our plane into a spherical plane, 
or to attribute the reversal of the arrow to the action of a 
motion which restores our circle to its original place. It is 
to bo observed that nothing short of moving round the 
universe would sufiice to reverse the sense of the arrow. This 
revei'sal teems like an action of empty space, which would force 
us to regaid the points which, from a three-dimensional point 
of view, are coincident though opposite, as really distinct, and 
so i*oduco the elliptic to the spherical plane. But motion, not 
space, really causes the change, aiul the elliptic plane is there- 
fore not proved to be impossible. The question is not, however, 
of any great philosophic importance. 

41. In connection with the reduction of metrical to pro- 
jective Qeometry, we have one more topic for discussion. This 
is the geometrical use of imaginaries, by means of which, except 
in the case of hyperbolic space, the reduction is eflTected. I 
have abeady contended, on other grounds, that this reduction, 
in spite of its immense technical importance, and in spite of 
the complete logical freedom of projective Geometry from 
metrical ideas, is pureljf technical, and is not philosophically 
valid. The same conclusion will appear, if we take up Cayle/s 
challenge at the British Association, in his Presidential Address 
of 1883. 

In this address. Professor Cayley devoted most of his time 
to non-Euclidean systems. Non-Euclidean apcufee, he declared, 
seemed to him mistaken d priori ' ; but non-Euclidean Geomebriee, 

* Of. p. 9 of Btport: "Hy own Tiaw is Ui*ft EnoUd's Iwdfth siioni, la 
Plajfatr*! fomi of ii, does not need demonttraUon, bat it part of onr notioii of 
■paoe, of the phjiiool spooo of our oxporionoo, bat whieh It tbt wp i otf latiu n 
iTtng at tht bottom of all titomal azporienoe.*' 
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here as in his mathematical woriu, were aooepted ae JBowing 
from a change in the definition of distance. This view has 
been already discussed, and need not, therefore, be further 
criticised here. What I wish to speak about, is the question 
with which Cayley himself opened his address, namely, the geo- 
metrical use and meaning of imaginary quantities. From the 
manner in which he spoke of this question, it becomes im- 
perative to treat it somewhat at length. For he said (pp. 8-9): 

"...The notion which is the really fundamental one (and 
I cannot too strongly emphasise the assertion) underlying and 
pervading the whole notion of modem analysis and Geometry, 
[is] that of imaginary magnitude in analysis, and of imaginary 
space (or space as the loeua in quo of imaginary points and 
figures) in Geometry: I use in each case the word imaginary 
as including real.... Say even the conclusion were that the 
notion belongs to mere technical mathematics, or has reference 
to nonentities in regard to which no science is possible, still 
it seems to me that (as a subject of philosophical discussion) 
the notion ought not to be thus ignored; it should at least 
be shown that there is a right to ignore it'' 

42. This right it is now my purpose to demonstrate. But 
for fear non -mathematicians should miss the point of Cayley 's 
remark (which has sometimes been ent>neously supposed to 
refer to non-Euclidean spaces), I may as well explain, at the 
outset, that this question is radically distinct from, and only 
indirectly connected with, the validity or import of Meta- 
geometiy. An imaginary quantity vb_^ one which involves 
V— 1: its most general form is a + ^^~ 1 b where a and b are 
real ; Cayley uses the word imaginary so as to include real, in 
order to cover the special case where b"0. It will be con- 
venient, in what follows, to exclude this wider meaning, and 
assume that 6 is not sero . An imaginary point is one whose 
coordinates involve V-* 1, t.s. whose coordinates are imaginary 
quantities. An imaginary curve is one whose points are ima- 
ginary—or, in some special uses, one whose equation contains 
imaginary coefficients. The mathematical subtleties to which 
this notion leads need not be here discussed ; the reader who 
is interested in them will find an excellent elementary account 
of their geometrical uses in Klein's Nicht-Euklid, ii. pp. 88-46. 



▲ SHORT HI8T0RT OF MBTAGBOMETRT. 43 

But for our present purpose, we may confine ouiselTes to 
imaginary points. If these are found to have a merely technical 
import, and to be destitute of any philosophical meaning, then 
the same will hold of any collection of imaginary points, iLe. 
of any imaginary curve or sur&oe. 

That the notion of imaginaiy points is of suiNvme in&- 
jiortanoe in Geometry, will be seen by any one who refiects 
that the circular points are imaginary, and that the reduction 
of metrical to projective Geometry, which is one of Gayley's 
greatest achievements, depends on these points. But to diacuw 
adequately their philosophical import is difficult to me, since 
I am unacquainted with any satisfiMstory philosophy of ima- 
ginaries in pure Algebra. I will theref(»e adopt the most 
&vourable hypothesis, and assume that no objection can be 
successfully uiged against this use. Even on this hypothesis, 
I think, no case can be made out for imaginary points in 
Geometry. 

In the firat place, we must exclude, from the imaginary 
points considered, those whose coordinates are only imaginary 
with certain special systems of coordinator For example, if 
one of a point's coordiuatos be the tangent from it to a sphere, 
this coordinate will be imaginary for any point inside the 
sphere, and yet the point is perfectly real. A point, then, is 
only to be called imaginary, when, whatever real system of 
coordinates we adopt, one or moro of the quantities cxprewinnf 
these coordinates remains imaginary. For this purpose, it is 
mathematically sufficient to suppose our coordinates Cartesian — '- 
a point whose Cartesian cooidinates are imaginary, is a true 
imaginary point in the above sense. 

To discuss the meaning of such a point, it is necessary to 
consider briefly the fundamental nature of the correspondence 
between a point and its coordinates. Assuming that elementary 
Geometry has proved — what I think it does satisfiu^torily 
prove-^that spatial relations are susceptible of quantitative 
measurement, then a given point will have, with a suitable 
system of coordinates, in a space of n dimensions, n quantitative 
relations to the fixed spatial figure forming the axes of .00- 
ordinateSy and these n quantitative relations will, under oertaaik 
reservations, be unique— •.«., no other point will have the 
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quantities asrigned to ik (With many povible oootdiaaie 
vjrstonis^ this latter oondition is Dot realised: but for that 
▼eiy reason they are ineouvenient> and employed only in special 
problems.) Thus given a coordinate system, and given any set 
of quantities, these quantities, if tk^jf determine a poitU <U all, 
determine it uniquely. But, by a natural extension of the 
method, the above reservation is dropped, and it is assumed 
that to eeerjf set of quantities some point must correspond 
For this assumption there seems to me no vestige of evidence. 
As well might a postman assume that, because every house in a 
street is uniquely determined by ito number, therefore there 
must be a house for every imaginable number. We must 
know, in foot» that a given set of quantities can be the co- 
ordinates of some point in space, before it is legitimate to give 
any spatial significance to these quantities : and this knowledge, 
obviously, cannot be derived from operations with coordinates 
alone, on pain of a vicious cirele. We must, to return to the 
above analogy, know the number of houses in Piccadilly, before 
we know whether a given number has a corresponding house or 
not; and arithmetic alone, however subtly employed, will never 
give us this information. 

Thus the distinction which is important is, not the dis* 
tinction between real and imaginary quantities, but between 
quantities to which points correspond and quantities to which 
no points correspond. We can conventionally agree to denote 
real points by imaginary coordinates, as in the Gaussian method 
of denoting by the single quantity (a 4- V - 1 6) the point whose 
ordinary coordinates are a, 6. But this does not touch Gayley's 
meaning. Gayley means that it is of great utility in mathe- 
matics to regard, as pointo with a real existence in space, the 
assumed spatial correlates of quantities which, with the 
coordinate qrstem employed, have no correlates in every-day 
qpace; and that this utility is supposed, by many mathema- 
ticians, to indicate the validity of so fruitful an assumption. 
*To fix our ideas, let us consider Cartesian axes in three- 
dimensional Budidean space. Then it appears, by inspection, 
that a point may be situated at any distance to right or left of 
any of the three coordinate planes; taking this distance as a 
ooofdinate, therefore, it appears that real points correspond to 
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all qoMilitici from —oo to +«. Hie ause appean tar the 
other two coowtinalei; and aiiiee efementaiy Geometij prarea 
their fariattont mntaaDj uMfependent^ we know that one and 
only one leal point eotie ap o n da to any three real qioantitiea. 
Bot we alao know, fimn the exhanetive method poseoed, that 
all apace m ooTered faj the range of theae three vaiiaUe 
quantitiea: a freah aet of quantitiea, theieibre, aoch aa la 
intmdoced by the uae of imaginaries> pomcmca no spatial 
correlate, and can be toppoaed to poopcm one taly by a 
convenimt fictioa 

4SL The (act that the fiction w convenient, however, may 
be thooght to indicate that it is more than a fiction. Bat thia 
presumption, I think, can be easily expbaned away. For all 
the frnitfiil uses of imaginaries, in Geometry, are those whidi 
begin and end with real qnantitiea^ and use imaginaries ooly 
tor the intermediate steps. Now in all such cases» we have a 
real spatial interpretation at tiie beginning and end of oar 
argument, where alone the spatial interpretation is important : 
in the intermediate links, we are dealing in a purely algebraical 
manner with purely aljg;ebraical quantities, and may perform 
any operations which are algebraically permissible. If the 
quantities with which we end are capable of spatial inter- 
pretation, then, and only then, our result may be regarded as 
geometrical. To use geometrical language, in any other case, 
is only a convenient help 'to the imagination. To speak, for 
example, of projective properties which refer to the circular 
points, is a mere memoria techniea for purely algebraical 
properties; the circular points are not to be found in space, 
but only in the auxiliary quantities by which geometrical 
equations are transformed. That no contradictions arise firom 
the geometrical interpretation of imaginaries, is not wonderful : 
for they are interpreted solely by the rules of Algebra, which 
we may admit as valid in their application to imaginaries. .The 
perception of space being wholly absent, Algebra rules supreme, 
and no inconsiBtency can arise. Wherever, for a moment, we 
allow our ordinary spatial notions to intrude, the grosses t 
absurdities do arise— >eveiy one can see that a cirde^ being a 
dosed curve, cannot get to infinity. The metaphysician, who 
should invent anything so preposterous as the droalar pointi^ 
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would be hooted from the field But the nuttheniiitieiAn may 
steiil the hone with impunity. 

Finally, then, only a knowledge of space, not a knowledge of 
Algebra, ean amure us that any given set of quantities will have 
a spatial eonnelate, and in the absence of such a oonrelate, 
operations with these quantities have no geometrical import 
This is the case with imaginaries in Cayley's senses and their 
use in Geometry, great as are its techniod advantages, and 
rigid as is its technical validity, is wholly destitute of philo- 
sophical importance. 

44 We have now, I think, discussed most of the questions 

f concerning the scope and validity of the projective method. We 
have seen that it is independent of all metrical presuppositions, 
and that its use of coordinates does not involve the assumption 
, that spatial magnitudes are measured or expressed by them. 
We have seen that it is able to deal, by its own methods alone, 
with the question of the qualitative likeness of geometrical 
figures, which is logically prior to any comparison as to quantity, 
since quantity presupposes qualitative likeness. We have seen 
also tlubt, so far as its Intimate use extends, it applies equally 
to all homogeneous spaces, and that its criterion of an indepen- 
dently poarible space — the determination of a straight line by 

- two points'^ — is not subject to the qualifications and limitations 
which belong, as we have seen in the case of the cylinder, to 
the metrical criterion of constant curvature. But we have also 
seen that, when projective Geometry endeavours to grspple 
with spatial magnitude, and bring distance and the measure- 
ment of angles beneath its sway, its success, though technically 
valid and important, is philosophically an apparent success only. 
Metrical Geometry, therefore, if quantity is to be applied to 
space at all, remains a separate, though logically subsequent 
Imnch of Hathematica 

4B. It only remains to say a few words about BophjuJAg^ 
As a mathematician, as the inventor of a new andlmmensely 
powerful method of analysis, he cannot be too highly praised. 
Geometry is only one of the numerous subjects to which his 

I The txatpiloB to thli unon, in fphwiosl ipSM, p w w pp m i metrioal 
O i uM ii tij , sad doM not dwinj th* vsUdltj of tho ftslo||i lor pioiMMTt 
O tO M B tij. 8m Chip. m. Sm. B, | lit 
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theory of continuous groups applies, but its application to 
Geometry has made a revolution in method, and has rendered 
possible, in such problems as Helmholtz's, a treatment infinitely 
more precise and exhaustive than any which was possible 
before. 

The general definition of a group is as follows : If we have 
any number of independent variables «, «?«... cw, and any series 
of transformations of these into new variables — the trans- 
formations being defined by equations of specified forms, with 
parameters varying from one transformation to another — then 
the series of transformations form a group, if the successive 
application of any two is equivalent to a single member of the 
original series of transformations. The group is eon^tntroifs; 
when we can pass, by iufinitesimal gradations within the group, 
from any one of the transformations to any other. 

Now, in Geometry, the result of two successive motions 
or colUneations of a figure can always be obtained by a single 
motion or collineation, and any motion or collineation can be 
built up of a series of infinitesimal motions or coUineationSb 
Moreover the analytical expression of either is a certain trans- 
formation of the coordinates of all the points of the figure*. 
Hence the transformations determining a motion or a col- 
lineation are such as to form a continuous group. But the 
question of the projective equivalence of two figures, to which 
all projective Geometry is reducible, must always be dealt 
with by a collineation; and the question of the equality of 
two figures, to which all metrical Geometry is reducible, must 
always be decided by a motion such as to cause superposition ; 
hence the whole subject of Geometry may be regarded as a 
theory of the continuous groups which define all possible 
colUneations and inotiona 

Now Sophus lie has developed, at great length, the purely 
analytical theory of groups; he has therefore, by this method 
of formulating the problem, a very powerful weapon ready for 

^ MsthniHftticiMMi of Li«*t lehool bav« a hftbit, »k flnt loiiMwhai Moftituig, 
of •poftUng of motions of ipMO initoftd of motioiii of bodiM, «■ though ipsoo 
M a wholo oonld moTo. All that ii nMsnt to, of eoimo, tho oqniftkot 
motion of tilt oooidinsto tarn, <•#• s ohsago of aste la tho ofiial 
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the attack. In two papers *" Ou the foundations of Geometry'." 
undertaken at Klein's ui^nt request, he takes premisses whieh 
roughly correspond to those of Helmholti, omitting Mono- 
dn)my, and applies the theory of groups to the deduction of 
their consequences'. Helmholts's work, he says, can hardly be 
looked upon as proving its oonclusious, and indeed the more 
searching analysis of the group-theory reveab several possi- 
bilities unknown to Helmholts. Nevertheless, as a pioneer, 
devoid of Lie's machinery, Helmholts deserves, I think, more 
praise than lie is willing to give him*. 

Lie's method is perfectly exhaustive ; omitting the premiss 
of Monodromy, the others show that a body has six degrees of 
freedom, ie. that. the group giving all possible motions of a 
body will have six independent members; if we keep^one point 
fixed, the number of independent members is reduced to three. 
He then, from his general theory, enumerates all the groups 
which satisfy this condition. In order that such a group should 

I ••Ueber di« OfiudlaciB d«r 0«Mn«trit,** Ldpiiflw Borklito, 1800. Tbt 
yp o bi w of Umm two p«ptn it rmXLj meirioal, tiiiM ii it coact i ntd, not with 
•oUiiitfttloiit in sMitrsl, hti wiUi motioDt. Tht pfobkm, hoirtftr, it dttlt 
with bj tht pioJeetiTt mtfhod, motiont being rtgudtd •• eoUiatstloiit wlileh 
Itsfv tht Abtolntt niMlttuigtd. It tttmtd impottiblt, tbtrtfon, to diteut litHi 
wwk, oatU tesM aooomit had boon tltnu of tho [projootivt notlMd. 

* lio't ptonitttt, to bo ooonmto, mo tho feUowlns i 
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potitlont; whoa two pointt uo fliod, wkj ^lASkM of gonoml podtioa oon toko op 
• > potitlont; whoa thrto, no motion it pootib i t t htt o Umitstioat boiag ramlto 
of ttio oqnotioBt fiton bj tho inToritat 0. 
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give possible motions, it is necessary, by Helmholtz's second 
axiom, that it should leave invariant some function of the 
coordinates of any two points. This eliminates several of the 
groups previously enumerated, each of which he discusses in 
turn. He is thus led to the following results: 

I. Ih two dimenswM, if free mobility is to hold vnu 
ver8<Ulf^, there are no groups satisfying Helmholtz's first three 
axioms, except those which give the ordinary Euclidean and 
non-Euclidean motions; but if it is to hold only within a 
certain region, there is also a possible group in which the 
curve described by any point in a rotation is not dosed, but 
an equiangular spiral. To exclude this possibility, HelmholtzVi 
axiom of Monodromy is required. 

II. In three dimenaione, the results go still more against 
Helmholtz. Assuming free mobility only witliin a certain region, 
we have to distinguish two cases: Eiihet* free mobility hoIds» 
within that region, absolutely without exception, i^, when one 
point is held fiwt, everg other point within the region can 
move freely over a surface: in this case the axiom of Mo- 
nodromy is unnecessary, and the first three axioms suffice to 
define our group as that of Euclidean and non-Euclidean mo^ 
tions. Or free mobility, within the specified region, holds 
only of every point of general poeition, while the points of a 
certain line, when one point is fixed, ara only able to move 
on that line, not on a surface ; when this is the case, other 
groups are possible, and can only be excluded by Helmholtz*!! 
fourth axiom. 

Having now stated the purely mathematical results of lie's 
investigations, we may return to philosophical considerations, 
by which Helmholtz's work was mainly motived It becomes 
obvious, not only that exceptions within a certain region, but 
also that limitation to a certain region, of the axiom of Free 
Mobility, are philosophically quite impossible and inconceivable. 
How can a certain line, or a certain surfisu^, form an impassable 
barrier in space, or have any mobility different in kind from 
that of all other lines or surfaces? The notion cannot, in 
philosophy, be permitted for a moment, since it destroys that 
most fundamental of all the axioms, the homogeneity of space. 
We not only may, therefore, but must take Helmholtifs axiom 
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of Free Mobility in its very strictest sense; the axiom of 
Monodromy thus becomes mathematically, as well as philo- 
sophically, saperfluoita This is, from a philosophical standpoint, 
the most important of Lie's results. 

48. I have now come to the end of my history of Meta- 
geometry. It has not been my aim to give an exhaustive 
account of even the important works on the subject— in the 
third period, especially, the names of Poincari, Pasoh, Cremona, 
Veronese, and others who might be mentioned, would have 
cried shame upon me, had I had any such object But I have 
tried to set forth, as clearly as I could, the principles at work 
in the various periods, the motives and results of successive 
theories. We have seen how the philosophical motive, at first 
predominant, has been gradually extruded by the purely mathe- 
matical and technical spirit of most recent Qeometem. At 
first, to discredit the Transcendental Aesthetic seemed, to Meta- 
geometers, as important as to advance their science ; but from 
the works of Cayley, Klein or Lie, no reader could gather that 
Kant had ever lived. We have also seen, however, that as 
the interest in philosophy waned, the interest for philosophy 
increased: as the mathematical results shook themselves free 
from philosophical controversies, they assumed gradually a 
stable form, from which further development, we may i;|ea8on- 
ably hope, will take the form of growth, rather than trans- 
formation. The same gradual development out of philosophy 
might, I believe, be traced in the infiuicy of most branches of 
mathematics; when philosophical motives cease to operate, 
this is, in general, a sign that the stage of uncertainty as to 
premisses is past, so that the future belongs entirely to mathe- 
matical technique. When this stable stage has been attained, 
it is time for Philosophy to borrow of Science, accepting its 
final premisses as those imposed by a real necessity of &ct 
or logic 

47. Now in discussing the systems of Hetogeometry, we 
have found two kinds, radically distinct and subject to different 
axioms. The historically prior kind, which deab with metrical 
ideas, discusses, to b^gin with, the oonditions of Free Mobility, 
whieh is essential to all measurement of space. It finds the 
aiM^ytical expressioa of these oonditions in the existence of 
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a ■{Mce-ooDstaat, or oonsUnt mcMim of caraitare, 
oqoiTaleht to the hgpqpeacity of qpsoe. lliis is its fint 
axiom. 

Ito iieooiid axiom statea tbat apace has a finite iii(q;iml 
number of dimensions, i^ in metrical tenns, that tlie position 
of a point, relative to any other figure in space* is uniquely 
determined by a finite number of qiatial magnitudes, called 
coordinates. 

The third axiom of metrical Geometiy may be called, to 
distinguish it from the corresp<mding projective axiom, the 
axiom of distance. There exists <me relation, it says, between 
any two points, which can be preserved unaltered in a combined 
motion of both points, and which, in any motion of a system 
as one rigid body, is always unaltered. This relation we call 
distance. 

The above statement of the three essential axioms of 
metrical Geometry is taken from Uelmholts as amended by lie 
lie's own statement of the axioms, as quoted above, has been 
too much influenced by projective methods to give a historically 
correct rendering of the spirit of the second period; HelmholtiTs 
statement, on the other hand, requires, as Lie has shewn, very 
considerable modifications. The above compromise may, there- 
fore, I hope be taken as accepting lie's corrections while 
retaining Helmholtz's spirit 

4& But metrical Geometry, though it is historically prior, 
is logically subsequent to projective Geometry. For projective 
Geometry deals directly with that qualitative likeness, which 
the judgment of quantitative comparison requires as its basis. 
Now the above three axioms of metrical Geometry, as we shall 
see in Chapter ill. Section B, do not presuppose measurement, 
but are, on the contrary, the conditions presupposed by 
measurement. Without these axioms, which are common to 
all three spaces, measurement would be impossible; with them, 
so I shall contend, measurement is able, though only empirically, 
to decide approximately which of the three spaces is valid of 
our actual world But if these three axioms themselves express, 
not results, but conditions, of measurement, must they not be 
equivalent to the statement of that qualitative likeness on 
which quantitative comparison depends ? And if so, must we 
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not expect to find the same axioma, though perhaps under a 
different form, in projective Geometry f 

49. Thin expectation will not be disappointed. The above 
three axioms, as we shall see hereafter, are one and all 
philosophically equivalent to the homogeneity of space, and 
thin in turn is equivalent to the axioms of projective Oeometiy. 
The axioms of projective Geometr}% in fiict, may be roughly 
stated thus: 

I. Space is continuous and infinitely divisible; the aero of 
extension, resulting from infinite division, is called a Point. 
All points are qualitatively simihir, and distinguished by the 
mere fact that they lie outside one another. 

IL Any two points determine a unique figure, the straight 
line; two straight lines, like two points, are qualitatively 
similar, and distinguished by the mere fact that they are 
mutually external. 

III. Three points not in one straight line determine a 
unique figure, the plane, and four points not in one plane 
determine a figure of three dimensions. This process may, so 
fiur as can be seen d priori, be continued, without in any way 
interfering with the possibility of projective Geometry, to five 
or to n points. But projective Geometry requires, as an axiom, 
that the process should stop with some positive integral number 
of points, after which, any fresh point is contained in the 
figure determined by those already given. If the process stopn 
with (n + 1) points, our space is said to have n dimensions. 

These three axioms, it will be seen, are the equivalents of 
the three axioms of metrical Geometry \ expressed without 
reference to quantity. We shall find them to be deducible, as 
before, from the homogeneity of space, or, more generally still,. . 
from the possibility of experiencing externality. They will 
therefore appear as d priori, as essential to the exi«tenoe of any 
Geometry and to experience of an external world as such. 

0Ol That some logical necessity is involved in these axioms 
might, I think, be inferred as probable, from their historical 
devefepment alone. For the systems of lietageometiy have 
nok in general, been set up as more likely to fit &cts than the 

> Alionii n. of Om aMtriesl teted aof iw poo d t lo Asloiii m. of Iho piojoelivo, 
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system of Kuclid ; with the exception of Z5llner» for example, I 
know of no one who has regaitled the fourth dimension as 
required to explain phenomena^ As regards the spaoe-oonstant 
again, though a 899UiU Kpaoo-coustiuit in regarded ^ empirically 
possible, it is not usually regaitled as probable ; and the finite 
Mpaoo-convtants, with which Metageometry is equally con- 
versant, are not usually thought even posKible, a» explanations 
of empirical fiict '. Thus the motive has been throughout not 
one of fact, but one of logic. Does not thb give a strong 
presumption, that those axioms which arc retained, are retained 
because they are logically indispensable? If this be so, the 
axioms common to Euclid and Metageometry will be a priori, 
while those peculiar to Euclid will be empiricaL After a 
criticism of some differing theories of Geometry, I shall proceed, 
in Chapters IIL and iv., to the proof and consequences of this 
thesis, which will form the remainder of the present work. 

> Cf . Halmholts, Wlat. Abh. VoL ii. p. 840, aott: -0i« BcMbwIsr 
dor NichJ-BoklklkchM G«MiMtri« (tuOmi) deran objeeli^ WahiMl ais 
behsoptet** ^ 
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CHAPTER II. 



CRITICAL ACCOUNT OF BOMB PRIVIOUH PHIUMOPHICAL 

THB0RUE8 OF GBOMKTRY. 



61. We have now traoed the mathematical development 
of the theory of geometrical axioms, from the first revolt against 
Euclid to the present day. We may hope, therefore, to have 
at oar command the technical knowledge required for the 
philosophy of the subject The importance of Geometry, in 
the theories of knowledge which have arisen in the past, can 
scarcely be exaggerated. In Descartes, we find the whole 
theory of method dominated by analytical Geometry, of whose 
fruitfulness he was justly proud. In Spinoza, the paramount 
influence of Geometry i» too obvious to require comment. 
Among mathematicians, Newton's belief in absolute space was 
long supreme, and is still responsible for the current formu- 
lation of the laws of motion. Against this belief on the <Mtic 
hand, and against Leibnitz's theory of space on the other, and 
not, as Gaird has pointed out\ against Hume's empiricism, 
was directed that keystone of the Critical Philosophy, the 
Kantian doctrine of space. Thus Geometry has been, through- 
out, of supreme importance in the theory of knowledga 

But in a criticism of representative modem theories of 
Geometry, which is designed to be, not a history of the subject, 
but an introduction to, and defence of, the views of the author, 
it will not be necessary to discuss any more ancient theory 
than that of Kant Kant's views on this subject, true or false, 
have 80 dominated subsequent thought, that whether they were 
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accepted or rejected, they eeemed equally potent in fonning 
the opinioiiBy and the manner of exposition, of almost all later 
writers. 



62. It is not my purpose, in this chapter, to add to the 
voluminous literature of Kantian criticism, but only to discuss 
the bearing of Metageometry on the aigument of the Tran- 
scendental Aesthetic, and the aspect under which this aigument 
must be viewed in a discussion of Oeometr> ^ On this point 
several misunderstandings seem to me to have had wide pre- 
valence, both among friends and foes, and these misunder- 
standings I shall endeavour, if I can, to remove. 

In the first place, what does Kant's doctrine mean for 
Qeometiy? Obviously not the aspect of the doctrine which 
htttf been attacked by psychologists, the "Kantian machine- 
shop*' as James calls it — at any- rate, if this can be clearly 
separated from the logical aspect. The question whether space 
is given in sensation, or whether, as Kant maintained, it is 
given by an intuition to which no external matter corresponds, 
may for the present be disregarded. If, indeed, we held the 
view which seems crudely to sum up the standpoint of the 
Critique, the view that all certain knowledge is self-knowledge, 
then we should be committed, if we had decided that Geometry 
was apodeictic, to the view that space is subjective. But even 
then, the psychological question could only arise when the 
epistemological question had been solved, and could not, there- 
fore, be taken into account in our first investigation. The 
question before us is precisely the question whether, or how 
far, Qeometry is apodeictic, and for the moment we have only 
to investigate this question, without fear of psychological con- 
sequences. 

53. Now on this question, as on almost all questions in the 
Aesthetic or the Analytic, Kant's aigument is twofold. On 
the one hand, he says, Geometiy is known to have apodeictic 
certainty: therefore space must be d priori and subjectiTe. 
On the other hand, it follows, from grounds independent of 

> For s^diNOVMioii vi lUui froni • Iqm punljr amthiMatieal iteadpouil^ ■>• 
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Geometry, that space is subjective and d priori; therefore 
Geometry must have apodeictic certainty. These two argu- 
ments are not clearly distinguished in the Aesthetic, but a 
little analysis, I think, will disentangle them. Thus in the first 
edition, the first two arguments deduce, from non-geometrical 
grounds, the apriority of space ; the third deduces the apodeictiq 
certainty of Geometry, and maintains, conversely, tliat no other 

^ view can account for this certainty* ; the last two arguments 
only maintain that space is an intuition, not a concept In 
the second edition, the double aigument is clearer, the apriority 
of space being proved independently of Geometry in the meta- 
physical deduction, and deduced from the certainty of Geometry, 
as the only possible explanation of this, in the transcendental 
deduction. In the Prolegomena, the latter aigument alone is 
. used, but in the Critique both are employed. 

54. Now it must be admitted, I think, that Metageometry 
lias destroyed the legitimacy of the argument from Geometry 
to space; we can no longer aflKrm, on purely geometrical 
grounds, the apodeictic certainty of Euclid. But unless Meta- 
geometry has done more than this— imless it has proved, what 

i~ I believe it alone cannot prove, that Euclid has not apodeictic 
oertainty — then Kant's other line of argument retains what 
force it may ever have had. The actual space we know, it may 
say, is admittedly Euclidean, and is {m)ved, without any reference 
to Geometry, to be d prion; hence Euclid has apodeictic 
certainty, and non-Euclid stands condemned. To this it is no 
answer to urge, with the Hetageometers, that non-Euclidean 
systems are logiooMy self-cpnsistent; for Kant is careful to 
aigue that geometrical reasoning, by virtue of our intuition 
of space, is synthetic, and cannot, though d priori, be upheld 
by the principle of contradiction alone*. Unless non-Euclideans 
can prove, what they have certainly fi&iled to prove up to the 
pnesent, that we can frame an intuition of non-Euclidean spaces, 

> Ct Vtlhingtr*! OommMUr, ii. pp. 90)1, 966. Alio p. 886 ff. 
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Kant's position cannot be upset by Metageometiy akme, but 
must also be attacked, if it is to be sucoessfullj attacked, on 
its purely philosophical side. 

66. For such an attack, two roadM lie open : either we may 
disprove the first two ai*^ments of the Aesthetic, w we may 
criticize, from the standpoint of general logic, the Kantian doc- 
trine of synthetic d priori judgments and their connection with 
subjectivity. Both these attacks, I believe, could be conducted 
with some success ; but if we are to disprove the apodeictic cer- 
tainty of Geometry, one or other is CHsential, and both, I believe, 
will be found only partially successful. It will be my aim to 
prove, in discussing these two lines of attack, (1) that the dis- 
tinction of synthetic and analytic judgments is untenable, and 
further, that the principle of contradiction can only give fruitful 
results on the assumption that experience in general, or, in a 
particular science, some special branch of experience, is to be 
formally possible ; (2) that the first two alignments of the Tran- 
scendental Aesthetic suffice to prove, not Euclidean space* 
but some form of externality — which . may be sensational or 
intuitional, but not merely conceptual — a necessary prerequisite 
of oxporienco of an external world. In the third and fourth 
chapters, I shall contend, as a result of those conclusions, that 
those axioms, which Euclid and Metageometiy have in common, 
coincide with those properties of any form of externality which 
are deducible, by the principle of contradiction, from the possi- 
bility of experience of an external world. These properties^ 
then, may be said, though not quite in the Kantian sense, to be 
(I ption properties of space, and as to these, I think, a modified 
Kantian position may be maintained. But the question of the 
subjective or objective nature of space may be left wholly out 
of account during the course of this discussion, which will gain 
by dealing exclusively with logical, as opposed to psychological 
points of view. 

66. (1) Kan£H logical position. The doctrine of synthetic 
and analytic judgmeats--«t any rate if this . is taken as the 
oonier-Btone of Epistemology — has been so completely rejected 
by most modem logicians', that it would demand little attentioa 

^ CL Brndligr*! Logio, Bk. m. Pt i. GhiH^ ^n»t BoMUiqiitt't Loftot Blu i. 
Qhmp. u pp. fl7-10S. 
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here, but for the fiMst that an enthfuiMtic French Kaatiwi, 
H. Renottvier, has recently appealed to it, with perfect con- 
fidence, <m the Teiy question of QeometrjV And it must be 
owned, with H. R^iouTier, that if such judgments existed, in 
the Kantian sense, non-Euclidean Qeometiy, which makes no 
appeal to intuition, could have nothing to say against them. 
M. Renouvier's contention, therefore, forces us briefly to review 
the arguments against Kant's doctrine, and briefly to discuss 
what logical canon is to replace it 

Every judgment — so modem logic contends— is both syn- 
thetic and analytic ; it combines parts into a whole, and analyses 
a whole into parts*. If this be so, the distinction of analysis 
and synthesis, whatever may be its importance in pure Logic, 
can have no value in Epistemology. But such a doctrine, it 
must be observed, allows full scope to the principle of contra- 
diction: this criterion, since all judgments, in one aspect at 
least, are analytic, is applicable to all judgments alike. On 
the other hand, the whole which is analysed must be supposed 
already given, before the parts can be mutually contradictory : 
for only by connection in a given whole can two parts or 
adjectives be incompatible. Thus the principle of contradiction 
remains barren until we already have some judgments, and 
even some inference : for the parts may be regarded, to some 
extent, as an inference from the whole, or tfice verwA. When 
mice the arch of knowledge is constructed, the parts support 
one another, and the principle of contradiction is the keystone : 
but until the arch is built, the keystone remains suspended, 
unsupported and unsupporting, in the empty air. In other 
words, knowledge once existent can be analysed, but knowledge 
which should have to win every inch of the way against a criti- 
cal scepticism^ could never begin, and could never attain that 
circular condition in which alone it can stand. 

But Kant's doctrine, if true, is designed to restrain a critical 
scepticism even where it might be effectiva Certain funda- 
mental propocitious, he says, are not dedudble from logic, 

> PhOofophto «!• U lUgle •! da OonpM, Annte Philoiuph^iM, ii. pp. 1-66. 
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1.6. their oontrodictories are not self-oontradictoiy ; they com- 
bine a subject and predicate which cannot, in any purely logical 
way, be shewn to have any connection, and yet these judgments 
have apodeictic certainty. But concerning such judgments, 
Kant is generally careful not to rely upon the mere subjective 
conviction that they are undeniable: he proves, with every 
precaution, that without them experience would be impossible. 
Experience consists in the combination of terms which formal 
logic leaves apart, and presupposes, therefore, certain judgments 
by which a framework is made for bringing such terms together. 
Without these judgments — so Kant contends — all aynthesiB 
and all experience would be impossibla If, therefore, the 
detail of the Kantian reasoning be sound, his results may be 
obtained by the principle of contradiction plus the possibility 
of experience, as well as by his distinction of synthetic and 
analytic judgments. 

Logic, at the present day, arrogates to itself at once a wider 
and a narrower nphere than Kant allowed to it Wider, because 
it believes itself capable of condemning any false principle or 
postulate ; narrower, because it believes that its law of contra- 
diction, without a given whole or a given hypothesis, is power- 
less, and that two terms, per m, though they may be different, 
cannot be contradictories, but acquire this relation only by 
combination in a whole about which something is known, or 
by connection with a postulate which, for Rome reason, must 
be preserved. Thus no judgment, per ee, is either analytic or 
synthetic, for the severance of a judgment from its context robs 
it of its vitality, iind makes it not truly a judgment at all. 
But in its proper context it is neither purely synthetic nor 
purely analytic ; for while it is the further determination of a | 
given whole, and thus in so fiir analytic, jt also involves the i 
emergence of new relations within this whole, and is so fiur 
synthetic. 

67. We may retain, however, a distinction roughly cor- 
responding to the Kantian A priori and A poateriori, though 
less rigid, and more liable to change with the degree of oigan- 
isatioii of knowledge. Kant usually endeavoured to prove, 
as observed above, that his synthetic A priori propositions ' were 
necessaiy prerequisites of experience ; now althougli we cannoi 
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retain the tenn Hynthetic, we can retain the tenn d priori, 
for tho«e asHuniptions, or thoHe poetulates, from which alone 
the poflsibility of experience follows. Whatever can be deduced 
from thetie putftulates, without the aid of the matter of ex- 
perience, will also, of course, be il ptiori. From the standpoint 
of general logic, the laws of thought and the categories, with , 
the indispensable conditions of their applicability, will be alone 
A priori; but from the standpoint of any special science, we 
may call d priori whatever renders possible the experience 
which forms the subject-matter of our science. In Geometry, 
to particularize, we may call d priori whatever renders possible 
experience of externality as such. 

It is to be observed that this use of the term is at once 
more rationalistic and less precise than that of Kant. Kant 
would seem to have supposed himself immediately aware, by 
inspection, that some knowledge was apodeictic, and its subject- 
matter, therefore, i priori: but he did not always deduce its 
apriority from any further principle. Mere, however, it is to 
be shown, before admitting apriority, that the fiilsehood of the 
judgment in question would not be effected by a mere change 
in the maUer of experience, but only by a change which should 
render some branch of experience formally impossible, i.e. in- 
accessible to our methods of cognition. The above use is also 
less precise, for it varies according to the specialization of the 
experience we are assuming possible, and with every progress 
of knowledge some new connection is perceived, two previously 
isolated judgments are brought into logical relation, and the 
A priori may thus, at any moment, enlarge its sphere, as more 
is .found deduoible from fundamental postulates. 

68. (2) KaiU't argumenii /or tA^ apriority of space. 
Having now discussed the logical canon to be used as regards 
the A priori, we may proceed to test Kant's arguments as 
regards space. The aigument from Geometry, as remarked 
above, is upset by Metageumetry, at least so fis^r as those 
properties are concerned, which belong to Euclid but not to 
non-Budidean spaces; as regards the common properties of 
both kinds of spaoci we cannot decide on their apriority till 
we have discussed the consequences of denying them, which 
will be done in Chapter ill. As regards the two aiyumeuts 
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which prove that space is aii intaition, not a concept, they 
would call for much Hiscuceion in a special criticism df Kant, 
but here they may be passed by with the obvious comment 
that infinite homogeneous Euclidean space is a concept, not I 
an intuition — a concept invented to explain an intuition, it 
is true, but still a pure concept*. And it is this pure concept 
which, in all discussions of Geometry, is primarily to be dealt 
with; the intuition need only be referred to where it throws 
light on the functions or the nature of the concept. The 
second of Kant's alignments, that we can imagine empty space, 
though not the absence of space, is false if it means a space | 
without matter anywhere, and irrelevant if it merely meaiui 
a space between matters and ragarded as empty*. The only 
argument of importance, then, is the first ailment. But 
I must insist, at the outset, that our problem is purely logical, 
and that all psychological implications must be excluded to 
the utmost possible extent Moi'eovcr, as will be proved in 
Chapter IV., the praper function of space is to distinguish 
between different presented things, not between the Self and 
the object of sensation or perception. The argument then 
becomes the following: consciousness of a world of mutiially 
external things demands, in presentations, a cognitive but non- 
inferential element leading to the discrimination of the objects \ 
presented. This element must be non-inferential, for firom 
whatever number or combination of presentations, which did . 
not of themselves demand diversity in their objects, I could 
never be led to infer the mutual externality of their objects. 
Kant says : " In order that sensations may be ascribed to some- 
thing external to me... and similarly in order that I nmy be 
able to present them as outside and beside one another,. •• 
the presentation of space must be already present" But ; 
this goes rather too far: in the first place, the question ^ 
should be only as to the mutual externality of presented 
things, not as to their externality to the Self; and in the 
second place, things will appear mutually external if I have 
the presentation of any foim of externality, whether Euclidean 

I For a farthw diiiOQMion of this point, nee Ohapt. nt. snd nr. 
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or non-EuclideaiL Whatever may be tnie of the pt^ologieal 
ecope of this ailment — whoee Talidity ia here irreleTant— 
the logical scope extends, not to Euclidean space, but only to 
any form of externality which could exist intuitively, and 
permit knowledge, in beings with our laws of thought, of a 
world of diverse but interrelated things. 

Moreover externality, to render the scope of the argument 
wholly logical, must not be left with a sensational or intuitional 
meaning, though it must be supposed given in sensation or 
intuition. It must mean, in this argument, the fact of Other- 
ness*, the fact of being different from some other thing: it must 
involve the distinction between different things, and must be 
that element, in a cognitive state, which leads us to discrimi- 
nate constituent parts in its object. So much, then, would 
appear to result from Kant's ailment, that experience of 
diverse but interrelated things demands, as a necessaiy prere- 
quisite, some sensational or intuitional element, in perception, 
by which we are led to attribute complexity to objecta of 
perception'; that this element, in its isolation may be called 
a form of externality ; and that those properties of this form, 
if any such be found, which can be deduced from its mere 
function of rendering experience of interrelated diversity poe- 
siUe, are to be regarded as A priori What these properties 
are, and how the various lines of ai;gument here suggested con- 
verge to a single result, we shall see in Chapters lu. and iv. 

09. In the philosophers who followed Kant, Metaphysics, 
for the meet part, so predominated over Epistemology, that 
little was added to the theory of Geometry. What was added, 
came indirectly from the one philosopher who stood out against 
the purely ontolqgical speculations of his time, namely HerbarL 
Herbart's actual views on Oeometry, which are to be found 
ohiefly in the first section of his Synechologio, are not of any 
great value, and have borne no great fruit in the development 
of the subject But his psychological theory of space, his 
construction of extension out of series of points, his comparison 
of spaee with the tone and colour^aeries, his general preference 

> Aa OllMnMM of tobftaaot, lalbtr thsB of sUrilmIt, It hmlatondadi sa 
OUmrmm whioh BMj ptrhspt bt mOM rtiil as op p owA fto logM dhtrdtgr. 
* This fvopoiittiMi wiU bt srfMd si Itngth ia Ohsp. iv. 
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for the discrete above the continuous, and finally his belief 
in the great importance of classifying space with other forms 
of series (ReihmifanneH^), gave rise to many of Riemann's epoch- 
making speculations, and encouraged the attempt to explain 
the nature of space by its analytical and quantitative aspect 
alone'. Through his influence on Riemann, he acquired, in- 
directly, a great importance in geometrical philosophy. To 
Riemann's dissertation, which we have already discussed in 
its mathematical aspect, we must now return, oonwidering, this 
time, only its philosophical views. 

Rlenuum* 

60. The aim of Riemann's dissertation, as we saw iu 
Chapter i., was to define space as a species of manifold, t>. 
as a particular kind of collection of magnitude& It was thus 
assumed, to begin with, that spatial figures could be regarded 
as magnitudes, and the axioms which emeiged, accordingly, 
determined only the particular place of these among the many 
algebraically possible varieties of magnitudes. The resulting 
formulation of the axioms — while, from the mathematical 
standpoint of metrical Geometry, it was almost wholly laud- 
able — must, from the standpoint of philosophy, be regarded, 
in my opinion, as a petMo prindpii. For when wc have 
arrived at regarding spatial figures as magnitudes, we have 
already traversed the most difficult part of the ground The 
axioms of metrical Geometry — and it is metrical Geometiy, 
exclusively, which is considered in Riemann*s Essay — ^wiU 
appear, in Chapter in., to be divisible into two classea Of 
these, the first class-^which contains the axioms common to 
Euclid and Metageometry, the only axioms seriously discussed 
by Riemann — are not the results of measurement, nor of any 
conception of magnitude, but are conditions to be fulfilled 
before measurement becomes possible. The second class only—* 
those which express the difference between Euclidean and non- 

> 8m Pqrehdlosit sit WiMeoMbaft, i. SeotioB in. Chap. tii. ; n. flMlioa t. 
Ohsp. HI. sad SeotioQ n. Ohtp^ in. Oompsit slio BjaoeholosM^ flMlioa i. 
Ohspt. n. snd m. 

* (hi tfat inAMiiM of H«rbart on Ritmsiui, oompsit EnliiiSBa, DIt ftiimi 
An Oeomttrie, p. SO. 
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Euclidean fipaces— can be deduced as results of measurement 
or of conceptions of magnitude. As regards the first class, on 
the contrary, we shall see that the relativity of position — by 
which space is distinguished from all other known manifolds, 
except time— >leads logically to the necessity of three of the 
most distinctive axioms of Geometry, and yet this relativity 
cannot be called a deduction from conceptions of magnitude. 
In analytical Geometry, owing to the hct that coordinate 
systems start from points, and hence build up lines and surfaces, 
it is easy to suppose that points can be given independently 
of lines and of each other, and thus the relativity of position 
is lost sight of. The cnt>r thus suggested by mathematics 
was probably reinforced by Herbart's theory of space, which, 
by its serial character, as we have seen, appeared to him to 
facilitate a construction out of successive points, and to which 
Riemann acknowledges his indebtedness both in his Disser- 
tation and elsewhere. The same error reappears in Helmholts, 
in whom it is probably due wholly to the methods of analytical 
Geometry. It is a striking fiict that, throughout the writings 
of these two men, there is not, so fiir as I know, one allusion 
to the relativity of position, that property of space from which, 
as our next chapter wtII shew, the richest quarry of conse- 
quences can be extracted. This is not a result of any con- 
ception of magnitude, but follows from the nature of our space- 
intuition; yet no one, surely, could call it empirical, since it 
is bound up in the very possibility of locating things there 
as opposed to here. 

61. Indeed we can see, from a purely logical consideration 
of the judgment of quantity, that Kemann's manner of ap- 
proaching the problem can never, by legitimate methods, attain 
to a philosophically sound formulation of the axioms. For 
quantity is a result of comparison of two qualitatively similar 
objects, and the judgment of quantity neglects altogether the 
qualitative aspect of the objects compared. Hence a knowledge 
of the essential properties of space can never be obtained from 
judgments of quantity, which neglect these properties, while 
they yet presuppose them. As well might one hope to learn 
the nature of man fit>ra a oensua Moreover, the judgment of 
quantity is the result of comparison, and therefore presupposes 
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the potriUlity of compariaon. To know whether, or by what 
means, comparison is possible, we most know the qualities of 
the things compared and of the medium in which comparison 
is effected ; while to know that quantitative comparison is pos- 
sible, we must know that there is a qualitative identity be- 
tween the things compared, which again involves a previous 
qualitative knowledge. When spatial figures have once been 
reduced to quantity, their quality has already been neglected, 
as known and similar to the quality of other figures. To hope, 
therefore, for the qualities of space, from a comparison of its 
expression as pure quantity with other pure quantities, is an 
error natural to an analytical geometer, but an enor, none 
the less, from which there is no return to the qualitative basis 
of spatial quantity. 

62. We must entirely dissent, therefore, from the dis- 
junction which underlies Riemann's philosophy of space. Either 
the axioms must be consequences of general conceptions of 
magnitude, he thinks, or else they can only be proved by 
experience (p. 255X Whatever can be derived from general 
conceptions of magnitude, we may retort, cannot be an d priori 
adjective of space : for all the necessary adjectives of space are 
presupposed in any judgment of spatiid quantity, and cannot, 
therefore, be consequences of such a judgment Riemann's dis- 
junction, accordingly, since one of its alternatives is obviously 
impossible, really begs the question. In formulating the axioms 
of metrical Geometiy, our question should be: What axioms* 
i.e. what adjectives of space, must be presupposed, in order that 
quantitative.comparison of the parts of space may be possible v 
at all ? And only when we have determined these conditimis. \ 
which are A priori necessary to any quantitative science of 
space, does the second question arise : what inferences can we 
draw, as to space, from the observed results of this quantitative 
science, i,e. of this measurement of spatial figures ? The con- 
ditions of measurement themselves, though not results of any 
conception of magnitude, will be d priori, if it can be shown that» 
without them, experience of externality would be impossible. 

After this initial protest against Riemann's general philo- 
sophical position, let us proceed to exainine« in detail, his use of. 
the notion of a manifold. ""^ 
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6S. In the fint plaoe there b, if I am not mistaken, 
eonriderable obMurity in the definition of a manifold, of 
which an almost verbal rendering was given in Chapter i. 
What is meant, to b^gin with, by a general conception capable 
of varions determinati(»is ? Does not this property belong to 
all conceptions 7 It affords, certainly, a basis far counting, but 
if continuous quantity is to arise, we must, surely, have some 
less discrete formulation. It might afford a basis, (or example, 
for the distinction of points in projective Geometry, but pro- 
jective Geometry has nothing to do with quantity. Something 
more fluid and flexible than a conception, one would think, is 
necessary as the basis of continua. Then, again, what is meant 
by a quantum of a manifold ? In space, the answer is obvious : 
what is meant is a piece of voluma But how about Riemann's 
other continuous manifold, colour f Does a quantum of colour 
mean a single line in the spectrum, or a band of finite thickness? 
In either case, what are the magnitudes to be compared f And 
how is superposition necesiiaiy, or even possible ? A colour is 
fixed by its position in the spectrum: two lines in the same 
spectrum cannot be superposed, and two lines in different 
spectra need not be— -their positions in their respective spectra 
sudBce, or event roughly, their immediate sense-quality. The 
fiust is, Riemann had space in his mind from the start, and 
many of the properties, which he enunciates as belonging to all 
manifolds, belong, as a matter of fact, only to space. It is £&r 
firom clear what the magnitudes are which the various deter- 
minations make possible. Do these magnitudes measure the 
elements of the manifold, or the relations between elements ? 
This is surely a very fundamental point, but it is one which 
Biemann never touches on. In the former case, the super- 
position which he speaks of becomes unnecessaiy, since the 
magnitude is inherent in the element considered. We do not 
require superposition to measure quantities corresponding to 
different tones or colours ; these can be discovered by analysis of 
single tones or colours. With space, on the other hand, if we 
seek for elements, we can find none except points, and no 
analysis of a point will find magnitudes inherent in it — such 
magnitudes are a fiction of coordinate Geometry. The magni- 
tudes which space deab with, as we shall see in Chapter m., 
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are relaUons between pomts, and it is for this reason that super- i 
position is essential to space-measorement There is no inherent 
quality in a single point, as there is in a single colour, by which 
it can be quantitatively distinguished finom another. Thus the 
conception of a manifold, as defined by Biemann, either does not 
include oolouis, or does not involve superposition as the only 
means of measurement. From this dilemma there \b no escape. 
64. But if " measurement emmsU in a superposition of the 
magnitudes ccjmpared " (p. 256), does it not follow immediately 
that measurement is logically poieible cmly where such super- 
position leaves the magnitudes unchanged? And therefore that 
measurement, as above defined, involves, as an d priori condition, 
that magnitudes are unchanged by motion ? This consequence 
is not drawn by Biemann; indeed he proceeds immediately 
(pp. 256-7) to consider what he calls a general portion of the 
doctrine of magnitude {0ro$8enlUhr€\ independent of measure- 
ment But how is any doctrine of magnitude possible, in which 
the magnitudes cannot be measured ? The reason of the con- 
fusion is, that Biemann's definition of measurement is applicable 
to no single manifold except space, nince it depends on |the 1 
noteworthy property that what we measure in Geometry is 
not points, but relations between points, and the latter, though 
not the former, may of course be unaltered by motion. Let us 
try, in illustration, to apply Biemann's definition of measurement 
to colours. We must remember that motion, in dealing with 
the colour manifold, means — ^not motion in space but — ^motion 
in the colour manifold itself. Now since every point of the 
colour manifold is completely determined by three magnitudes^ 
which are given in fact, and cannot be arbitrarily chosen, it is 
plain that measurement by superposition — involving, as it does^ 
motion, and therefore change in these determining magnitudes^ 
is totally out of the question. The superposition of one cdoar 
on another, as a means of measurement, is sheer nonsense. And 
yet measurement is possible in the colour-manifold, by means of 
Helmholtz's law of mixture (MiachungsgeaeU); but the measure- 
ment is of every separate element, not of the relations between 
elements, and is thus radically different fix>m space-measure* 
ment^ The elements are not, like points in space, qualitatively 

* I do not niMa that oMMnrament of ooloim !■ oflSsolcd witlMNil f o lw w a ot to 
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alike» and distinguished by the mere hc% of their mutual 
externality. What we have, in colours, is three fundamental 
qualitatiyely distinct elements, out of certain proportions of 
which we can build up all the other elements of the manifold — 
each of the resulting elements having the same combination of 
qualitative diversity and similarity as the three original elements. 
But in space, what could we make of such a procedure? Given 
three points, how are we to combine them in certain proportions? 
The phrase is meaningless. If some one makes the obvious 
retort, that we have to combine lines, not points, my rejoinder 
is equally obvious. To begin with, lines are not elements. 
Metaphysically, space has no elements, being, as the sequel 
will show, mere relations between non-spatial elements. Mathe- 
matically, this £M;t exhibits itself in the self-contradictory notion 
of the point, or zero magnitude in space, as the limit in our 
vain search for spatial elements. But even if we allow the line 
to pass as the spatial element, what does the combination of 
three lines in definite proportions give us ? It gives us, simply, 
the coordinates of Apoini. Here again we see a great difference 
between the colour and space-manifolds. In colours, the com- 
bination of magnitudes gives a new magnitude of the same 
kind; in space, it defines, not a magnitude at all, but a would- 
be element of a different kind from the defining magnitudes. 
In the tone-manifold, we should find still different conditions. 
Here, no one of the measuring magnitudes can vanish without 
the tone vanishing too, and all three are so bound up together, 
in the single resulting sensation, that none can exist without 
a finite quantity of the others. They are all qualitatively 
different, both firom each other, and from any possible tone, 
being constituents of it, as mass and velocity are constituents 
of momentum. All these different conditions require to be 
examined, before a manifold can be completely defined; and 
until we have conducted such an examination in detail, we 
cannot pronounce as to the d priori or empirical nature of the 
laws of the manifold. As regards space, I have attempted such 
aa examination in the third and fourth chapters of this Essay. 
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66. I do not wish to deny, howerer, the great valae of the 
conoeption of space as m manifold. On the oontraiy, this eon* 
ception seems to have become essential to any treatment of the 
question. I only wish to uige that the purely algebraical 
tieatmoit of any manifold, important as it may be in dedacing 
fresh consequences from known jMemiases, tends rather to 
conceal than to make clear the basis of the premisses them- 
selves, and is theref<»e misleading in a philosophical investi* 
gation. For mathematics, where quantity reigns supreme, 
Riemann's conception has proved itself abundantly fruitful; 
for philosophy, on the contrary, where quantity appears rather 
as a cloak to conceal the qualities it abstracts from, the 
conception seems to me more productive of error and ccm- 
fusion than of sound doctrine. 

We are thus brought back to the point from which we 
started, namely, the &lsity of Riemann's initial disjunction, 
and the consequent fallacy in his proof of the empirical nature 
of the axioms. His philosophy is chiefly vitiated, to my mind, 
by this fallacy, and by the uncritical assumption that a metrical 
coordinate system can be set up independently of any axioms 
as to space-measurement'. Biemann has fiiiled to observe, 
what I have endeavoured to prove in the next chapter, that, 
unless space had a strictly constant measure of curvature. 
Geometry would become impossible; also that the absence 
of constant measure of curvature involves absolute position, 
which is an absurdity. Hence he is led to the conclusion 
that all geometrical axioms are empirical, and may not hold 
in the infinitesimal, where observation is impossible. Thus he 
says (p. 267): "Now the empirical conceptions, on which 
spatial measurements are based, the conceptions of the rigid 
body and the light-ray, appear to lose their validity in the 
infinitesimal: it is therefore quite conceivable that the relations 
of spatial magnitudes in the infinitesimal do not correspond to 
the presuppositions of Geometry, and this would, in fiict, have 
to be assumed, as soon as it would enable us to explain the 
phenomena more simply." From this conclusion I must 
entirely dissent In very huge spaces, there might be a 
departure from Euclid; for they depend upon the axiom of 

> For A fUioiiMloii of ihii poioi, mo Oliap. m. Bee. B, f ITS. 
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panllelB, which ia not contained in the aiiom of IVee Mobility ; 
but in the inBniterimal, departures 6t>m Euclid coaU only be 
due to the absence of Free Mobility, which, as I hope my third 
ehapter will show, is once for all impossible 



HtlnUioltg. 

68. UehnholtK, like Riemann, was important both in the 
mathematics and in the philosophy of Geometry. From the 
mathematical point of view, his work has been already con- 
sidered in Chapter I.; the consideration of his philosophy, 
which must occupy us here, will be a more serious task. like 
Biemann, he endeavoured to prove that all the axioms are 

empirical, and like Riemann, he based his proof chiefly on 
Metageometiy. He had an additional resource, however, in 
the physiology of the senses, which tint led him to reject the 
Transcendental Aesthetic, and enabled him to attack Kant 
Ikottk the psychological as well as the mathematical side*. 

The principal topics, for a criticism of Helmholtz, are three : 
Firit, his criterion of the A priori; second, his discussion with 
Land as to the " imaginability " of non-Euclidean spaces ; third 
^-and this is by fiur the most important of the three — his 

> TIm woria of H«liiiliolts on gaomokriMi philotoplqr oomprlct, in Addition 
lo the urtidet quotod in Ohap. i., tho foUowing wtielM : ** Unpning nnd Sinn 
dor geomotriMlion Axiome, gogon Land,*' Wiio. Abh. VoL n. p. 640, 1S78. 
(Alio Mind, ToL ni.: sn answv to Lond in Mind, YoL ii.) "Unprong and 
Bedoatong dor geometriiehon Axiomob" 1870, VortrSgo nnd Bedon, VoL ii. p. 1. 
(Abo Mind, Vol i.) Two Appendioet to *• Dio Thutaoohon in dor Wohmoli- 
nrang,** entitled t II. *^Der Bftom konn tmntoendontol lein, (Ane doM ot dio 
Axiome lind"; and III. "Die Anwendborkeit dor Axiome snf dio pfayiieolie 
Welt," iS7S, Yortr«ge nnd Redeu, Vol. u. p. S56 ff. 
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ihsnloio, taaj be oonSaed almost entirely to Mind, Vol. in., and the philo* 
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theofy of the dependence of Oeometiy on Mechanics. Let us 
diecuM these three points successively. 

67. Helmholtz'scriterionof apriority is diflScult to discoYor, 
as he never, to my knowledge, gives a precise statement of it. 
From his discussion of physical and transcendental Geometry\ 
however, it would appear that he regards as empirical whatever 
applies to empirical matter. For he there maintains, that even 
if space were an d priori form, yet any Oeometiy, which aimed 
at an application to Physics, would, since the actual places of 
bodies are not known d priori, be necessarily empirical*. It 
seems the more probable that he regards this as a possible 
criterion, as it is adopted, in several passages, by his disciple 
Erdmann', and so strange a test could hardly be accepted by 
a philosopher, unless he had found it in his master. I have 
called this a strange test, because it seems to me completely 
to ignore the work of the Critical Philosophy. For if there 
is one thing which, one might have hoped, had been mado 
sufficiently clear by Kant's Critique, it is this, that knowledge 
which is d priori, being itself the condition of possible ejcperience, 
applies — and in Kant's view, applies only — to empirical matter. 
Uelmholtz and Erdmann, therefore, in setting up this test with- 
out discussion, simply ignore the existence of Kant and the 
possibility of a transcendental argument. Helmholtz assumes 
always that empirical knowledge must be wholly empirical, that 
there can be no d priori conditions of the experience in question, 
that experience will always be possible, and may give any kiud 
of result. Thus in discussing " physical " Oeometry, he assumes 
that the possibility of empirical measurement involves no 
A priori axioms, and that no d priori element can be contained 
in the process. This assumption, as we shall see in Chapter in., 
is quite unwarrantable : certain properties of space, in &ot, are 
involved in the possibility of measuring maUor. In spite of 
the £Mst, therefore, that we apply measurement to empirical 
matter, . and that our results are therefore empirical, there 

' In iha answw to htan^ Wnd, VoL m. and Win. Abb. n. p. 640. 
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may well be aa d priori element in measorement, which is 
presappoaed in its pombility. Such a criterion, therefore, most 
pronounce eyerything empirical, but mnet itself be pronounced 
w<»thle8B. 

Another and a better criterion, it is true, is also to be found 
in Helmholtz, and has also been adopted by Brdmann. What- ,^ 
ever might, by a different experience, have been rendered 
different— 80 this criterion cimtends — ^must itself be dependent 
on experience, and so empirical. This criterion seems perfectly 
sound, but Helmholts's use of it is usually vitiated by his 
neglecting to prove the possibility of the different experience 
in question. He says, for example, that if our experience 
showed us only bodies which chai^|^ their shapes in motion, 
we should not arrive at the aiiom of Congruence, which he 
pronounces accordingly to be empirical But I shall endeavour 
to prove, in Chapter in., that without the axiom of Congruence, 
experience of spatial magnitude would be impossible. If my 
proof be correct, it follows that no experience can over reveal 
spatial magnitudes which contradict this axioms possibility 
which Helmholts nowhere discusses, in setting up his hypo- 
thetical experience. Thus this second criterion, though per- 
fectly sound, requires always an accompanying transcendental 
aigument, as to the conditions of possible experience. But 
this accompaniment is seldom to be found in Helmholtz. 

68. One of the few cases, in which Helmholtz has at- 
tempted such an accompaniment, occuis in connection with 
our second point, the imaginability of non-Euclidean spaces. 
The aigument on this point was elicited by Helmholtz's Kantian 
opponents, who. maintained that the merely logical possibility 
of these spaces was irrelevant, since the basis of Geometry was 
not logic, but intuition. The axioms, they said, are synthetic ^ 
propositions, and their contraries are, therefore, not self-contra- 
dictory; they are nevertheless apodeictic propositions, since no 
other intuition than the Euclidean is possible to us\ I have 
already criticised this line of aigument in the beginning of the 
present chapter. Helmholtz's criticism, however, was different : 
admitting the internal consistency of the aigument, he denied 
one of its premisses. We eon imagine non-Euclidean spaces, 

> 8m Plot LMk^lfl mad, Vol n. 
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be said, though their nnfiimiliarity makes this diflbmlt From 
this view it followed, of course, that Kant's argument, even if it 
were formally valid, oould not prove the apriority of Euclidean 
space in particular, but only of that general space which in- 
eluded Euclid and non-Euclid alike^ 

Although I agree with Helmbolti in thinking the distinction 
between Euclidean and non-Euclidean spaces empirical, I cannot 
think his argument on the " imaginability " of the latter a very 
happy ona The validity of any proof must turn, obviously, on 
the definition of imaginability. The definition which Hehnholti 
gives in his answer to Land is as follows: Imaginability requires 
"die vollstandige Vorstellbarkeit derjenigen SinneseindrUcke, 
welche das betreffende Object in uns nach den bekaimten 
Oesetzen unserer Sinnesorgane unter alien denkbaren Beding- 
ungen der Beobachtung erregen, und wodureh es sich von 
anderen ahnlichen Objecten unterscheiden wtirde " (Wiss. Abh. 
II. p. 644). This definition is not very clear, owing to the am- 
biguity of the word ** VorttMbarkeiC The following definition 
seems less ambiguous : ** Wenn die Beihe der SinneseindrUcke 
voUst&ndig und eindeutig angegeben werden kann, muss man 
m. R die Sache filr anscheuUieh nontdUmr erkl&ren " (Vortrage 
und Beden, n. p. 234). This makes clear, what also appears trom 
his manner of proof, that he regards things as imaginable which 
can be ducp'ibed in conceptual terms. Such, as Land remarics 
(Mind, Vol. ii. p. 45)» " is not the sense required for argumenta- 
tion in this case." That Land's criticism is just, is shown by 
Helmholtz's proof for non-Euclidean spaces, for it consists only 
in an analogy to the volume inside a sphere, which is mathe- 
matically obtained thus: We take the symbols representing 
magnitudes in ** pseudo-spherical " (hyperbolic) space, and give 
Ihem a new Euclidean meaning; thus all our symbolic propo- 
sitions become capable of two interpretations, one for pseudo- 
spherical space, and one for the volume inside a sphere. It is^ 
however, sufficiently obvious that this procedure, though it 
enables us to deseribe our new space, does not enable us to 
imagine it, in the sense of calling up images of the way things 
would look in it We really derive, finom this analogy, no move 
knowledge than a man bom blind may derive, as to light, bom 

1 8«eooBdikUagpMtcn|iborH«lmholki*iMrtieltiiilIiiid, YoLm. 
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an analogy with heat The dictum "Nihil est in intellecta 
quod non foerit ante in senmi/ would unquestionably be trae, 
I if for nUMed we were to substitute imaginationt it is vain, 
therefore, tf our actual space be Euclidean, to hope for a power 
t of imaginitig a non-Euclidean space. What Helmholts might, 
I believe with perfect truth, have uiged against Land, is that 
the image we actually have of space is not suflSdently accurate 
to exclude, in the actual space we know, all possibility of a 
slight departure from the Euclidean type. But in maintaining 
that we cannot imagine, though we can conceive and describe, 
/ A space different from that we actually have. Land is, in my 
/ opinion, unquestionably in the right For a pure Kantian, 
who maintains, with Land, that none of the axioms can be 
proved, this question is of great importance. But if, as I have 
maintained, some of the axioms are susceptible of a transcen- 
dental proof, while the others can be verified empirically, the 
question is freed from pflychological implications, and the 
imaginability or non-imaginability of metageometrical spaces 
becomes unimportant 

89. We come now to the third and most important ques- 
tion, the relation of Geometry to Mechanics. There are three 
senses in which Helmholts's appeal to rigid bodies may be 
taken : the first, I think, ia the sense in which he originally 
intended it ; the second seems to be the sense which he adopted 
in his defence against Land ; while the third is admitted by 
Land, and will be admitted in the following aigument. These 
three senses are as follows: 

(1) It may be asserted that the actual meaning of the 
axiom of Free Mobility lies in the assertion of empirical rigid 
bodies^ and that the two propositions are equivalent to one 
another. This is certainly false. 

(2) The axiom of Free Mobility, it may be said, is logically 
distinguishable from the assertion of rigid bodies, and may 
even be not empirical ; but it is barren, even for pure Geometry, 
without the aid of measures, which must themselves be em- 
pirical rigid bodies. This sense is more plausible than the 
firsts but I believe we can show that, in this sense also, the 
piopositioQ is fidse. 

(S) For pure Geometry and the abstract study of space, 
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it may be said, Free Mobility, as applied to an abatmet geo- 
metrical matter, gives a sufficient possibility of quantitative 
comparison ; but the moment we extend our results to mixed 
mathematics, and apply them to empirically given matter, we 
require also, as measures, empirically given rigid bodies, or 
bodies, at least, whose departures from rigidity are empirically 
known* In this sense, I admit, the proposition is correet^ 

In discussing these three meanings, I shall not oon6ne 
myself strictly to the text of Helmholts or Land: if I en- 
deavoured to do so, I should be met by the difficulty that 
neither of them defines the d priori, and that each is too much 
inclined, in my opinion, to test it by psychological criteria^ 
I shall, tiierefore, take the three meanings in turn, without 
laying stress on their historical adequacy to the views of Land 
or Helmholts. 

70. (1) Congruence may be taken to mean— as Helm- 
holtz would certainly seem to desire — ^that we find actual 
bodies, in our mechanical experience, to preserve their shapes 
with approximate constancy, and that we infer, finom this 
experience, the homogeneity of space. This view, in my 
opinion, radically misconceives the nature of measurement, 
and of the axioms involved in it For what is meant by the 
non-rigidity of a body ? We mean, simply, that it has changed \ ^ 
its shape. But this involves the possibility of comparison with 
its former shape, in other words, of measurement. In order, 
therefore, that there may be any question of rigidity or non- 
rigidity, the measurement of spatial magnitudes must be 
already possible. It follows that measurement cannot, without 
a vicious circle, be itself derived firom experience of rigid bodies. 
Geometrical measurement, in &ct, is the comparison of spatial 
magnitudes, and such comparison involves, as will be proved 
I at length in Chapter in., the homogeneity of space. This is^ 

therefore, the logical prerequisite of all experience of rigid 
bodies, and cannot be the result of such experience. Without 
the homogeneity of space, the very notion of rigidity at um- 
rigidity could not exist, since these mean, respectively, the 
constancy or inconstancy of spatial magnitude in pieces of 

> Of. YeroiMia, ChnmdiSnt d«r GeonwIrM (Ctamuui (nunlsiioB), p. ii. 
Alto^^Vp. miv, S04, Mid Moto n. pp. SM-4. 



/ 



76 FOUNDATIONS OV OBOIOTBT. 

matter, and both alike, therefore, presuppose the possibility 
of spatial measurement. From the homogeneity of space, we 
learn that a body, when it moves, will not change its shape 
without some physical cause ; that it actually does not change 
its shape, is never asserted, and is indeed known to be &lse. 
As soon as measurement is possible, actual changes of shape 
can be estimated, and their empirical causes can be sought. 
But if space were not homogeneous, measurement would be 
impossible, constant shape would be a meaningless phrase, and 
rigidity could never be experienced. Googruence asserts, in 
shorty that a body can, so &r as mere space is concerned, move 
without change of shape ; rigidity asserts that it actually does 
80 move— a veiy different propositioo, involving obviously, as 
its logical prius, the former geometrical proposition. 

This aigument may be summed up by the following dis- 
junction : If bodies change their shapes in motion — and to some 
extent, since no body is perfectly rigid, they must all do so— 
then one of two cases must occur. Either the changes of 
shape, as bodies move fix>m place to place, follow no geo- 
metrical law, are not, for instance, functions of the amount 
or direction of motion; in which case the law of causation 
requires that they should not be effects of the change of place, 
but of some simultaneous non-geometrical change, such as 
temperature. Or the changes are regular, and the shape S 
becomes, in a new position p, 8/(p). In this case, the law 
of concomitant variations leads us to attribute the change of 
shape to the mere motion, and shape thus becomes a function 
of absolute position. But this is absurd, for position msatw 
merely a relation or set of relations ; it is impossible, therefore, 
that mere position should be able to effect changes in a body. 
Position is one term in a relation, not a thing per h ; it 
cannot, therefore, act on a thing, nor exist by itself, apart from 
the other terms of the relation. Thus Helmholts's view, that 
Congruence depends on the existence of rigid bodies, must, since 
it involves absolute position, be condemned as a logical fellaoy. 
CSongruenee, in fact, as I shall prove more fully in Chapter ill., 
is an d priori deduction from the relativity of position. 

71. (S) The above argument seems to me to answer 
satisfiMtorily Helmholti's contention in the precise form which 
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he first gave it. The axiom of Ccmgnienoe, we must agree* 
is logically distinguishable from the existence of rigid bodies. 
Nevertheless some reference to matter is logically involved in 
Geometry \ but whether this reference makes Geometry em- 
pirical, ar does not, rather, show an d priori element in 
dynamics^ is a further question. 

The reference to matter is necessitated by the homogeneity 
of empty space. For so long as we leave matter out of account, 
one position is perfectly indistinguishable from another, and 
a science of the relations of positions is impossible. Indeed, 
before spatial relations can arise at all, the homogeneity oi 
empty space must be destroyed, and this destruction must be 
effected by matter. The blank page is useless to the geometer 
until he defieuses its homogeneity by lines in ink or pendL 
No spatial figures, in short, are conceivable, without a reference 
to a not purely spatial matter. Again, if C(»igruence is ever 
to be used, there must be motion : but a purely geometrical 
point, being defined solely by its spatial attributes, cannot be 
supposed to move without a contradiction in terms. What 
moves, therefore, must be matter. Hence, in order that motion 
may afford a test of equality, we must have some matter which 
is known to be unaffected throughout the motion, that is, we 
must have some rigid bodies. And the difficulty is, that these 
bodies must not only undeigo no change due solely to the 
nature of space, but must, further, be unchanged by their 
changing relation to other bodies. And here we have a requi- 
site which can no longer be fulfilled A priori : which, indeed, 
we know to be, in strictness, untrue. For the forces actiDg oa 
a body depend upon its spatial relations to other bodies, and 
changing forces are liable to produce changing configuration. 
Honce, it would seem, actual measurement must be purely 
empirical, and must depend on the degree of rigidity to be 
obtained, during the process of measurement, in the bodies 
with which we are conversant 

This conclusion, I believe, is valid of all actual measurement. 
But the possibility of such empirical and approximate rigidity, 
I must insist, depends on the A priori law that mere motion, 
apart from the action of other matter, cannot e£BMt a ehaqge 

1 8m Chap. IT. 1 197 ff. 
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of shape. For without this law, the effect of other matter 
would not be discoverable; the laws of motion would be absurd, 
and Physics would be impossible. Consider the second law, for 
example: How could we measure the change of motion, if motion 
itself produced a change in our measures ? Or consider the law 
of gravitittion: How could we establish the inyerse square, unless 
we were able, independently of Dynamics, to measure distances ? 
The whole science of Dynamics, in short, is fundamentally de- 
pendent on Geometry, and but for the independent possibility 
ci measuring spatial magnitudes, none of the magnitudes of 
D3^namics could be measured. Time, force, and mass are alike 
measured by spatial correlates : these correlates are given, for 
time, by the first law, for force and mass, by the second and 
third. It is true, then, that an empirical element appears 
unavoidably in all actual measurement, inasmuch as we can 
only know empirically that a given piece of matter preserves 
its shape throughout the necessary change of dynamical relations 
to other matter involved in motion ; but it is further true that, 
for Geometiy — ^which regards matter simply as supplying the 
neoessaiy breach in the homogeneity of space, and the necessary 
term for spatial relations, not as the bearer of forces which change 
the configuration of other material systems — for Geometry, which 
deals with this abstract and merely kinematical matter, rigidity 
18 A priori, in so far as the only changes with which it is cog- 
nizant—changes of mere position, namely — are incapable of 
affecting the shapes of the imaginary and abstract bodies with 
which it deals. To use a scholastic distinction, we may say that 
matter is the eau$a eMtendi of space, but Geometiy is the oaumi 
cogno9oendi of Physics. Without a Geometry independent of 
! Fhyrics, Physics itself, which necessarily assumes the results 
\ of Geometry, could never arise ; but when Geometry is used in 
Physics^ it loses scHne of its d priori certainty, and acquires the 
' empirical and approximate character which belongs to all 
•ooounts of actual phenomena 

72. (3) This argument leads us to Land's distinction of 
physical and geometrical rigidity. The distinction may be 
e xpre ss ed — and I think it is better expressed — ^by distinguish- 
ing between the concepti<ms of matter proper to Dynamics and 
to Geometiy respectively. In Dynamics, we are concerned with 
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matter as subject to and as causing motion* as affected by and 
.as ezertingyi))rc«i We are therefore concerned with the changes 
of spatial configuration to which material systems are liable: 
the description and explanation of these changes is the proper 
subject-matter of all Pynamic& But in order that such a 
science may exist, it is obviously necessary that spatial con- 
figuration should be already measurable. If this were not 
the case, motion, acceleration and force would remain perfectly 
indeterminate. Qeometiy, therefore, must already exist before 
Dynamics becomes possible : to make Geometry dependent for . 
its possibility on the laws of motion or any of their consequences^ \ 
is a gross iartpop irpirepop, Neyertheless, as we have seen, 
some sort of matter is essential to Geometry. But this geometri- 
cal matter is a more abstract and wholly different matter firom 
that of Dynamics. In order to study space by itselC we reduce 
the properties of matter to a bare minimum : we avoid entirely 
the category of causation, so essential to Dynamics, and retain 
nothing, in our matter, but its spatial adjectives^ The kind of 
rigidity afiirmed of this abstract matter — a kind which suflBces 
for the theory of our science, though not for its application to 
the objects of daily life — ^is purely geometrical, and asserts no 
more than this: That since our matter is devoid, ex hypathM, 
of causal properties, there remains nothing, in mere empty space, 
which is capable of changing the configuration of any geometrical 
system. A change of absolute position, it asserts, is nothing; 
therefore the only real change involved in motion is a change of 
relation to other matter; but such other matter, for the purposes 
of our science, is regarded as destitute of causal powers ; hence 
no change can occur, in the configuration of our system, by the 
mere effect of motion through empty space. The necessity of 
such a principle may be shown by a simple reductio ad abBurdmn, 
as follows. A motion of translation of the universe as a whokr, . 
with constant direction and velocity, is dynamically negligeable; - t 
indeed it is, philosophically, no motion at all, for it involves no 
change in the condition or mutual relations of the things in the 
universe. But if our geometrical rigidity were denied, the 
change in. the parameter of space might cause all bodies to 

* Of. tlM opiaioD of B(4jal, quoted bj SidmMm, AiIoom, p. SS $ tt iUoo flk 
p. 60. 
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ehaoge their thapet owing to the mere ehaage of ftbeolnte 
poation^ which ie obviously abeanL 

To make quite plain the function of rigid bodies in Geometry, 
let us suppose a liquid geometer in a liquid world. We cannot 
ffuppose the liquid perfectly homogeneous and undifferentiated, 
in the iint place because such a liquid would be indistingniihable 
finom empty space, in the second place because our geometer^s 
body — unless he be a disembodied spirit— will itself constitute 
m differentiation fer him. We may therefisre assume 



Which amid the atraama 
WaaTB a natwork of ooloored Ught," 

and we may suppose this network to form the occasion for our 
geometer^s reflections. Then he will be able to imagine a 
network in which the lines are straight, or circular, or parabolic, 
or any other shape, and he will be able to infer that such a 
netw<»k, if it can be woven in one part of the fluid, can be 
woven in another. This will form sufficient basis for his 
deductions. The superposition he is concerned with — since 
not actual equality, but only the formal conditions of equality, 
are the subject-matter of Geometry — is purely ideal, and is 
unaffected by the impossibility of congealing any actual net- 
work. But in order to apply his Geometry to the exigencies of 
life, he would need some standard of comparison between actual 
networks, and here, it is true, he would need either a rigid body, 
or a knowledge ot the conditions under which similar networks 
arose. Moreover these cimditions, being necessarily empirical, 
could hardly be known apart from previous measurement Hence 
for applied, though not for pure Geometry, one rigid body at 
least seems essential 

7& The utility, for Dynamics, of our abstract geometrical 
matter, is sufficiently evident For having, by its means, a 
power of determining the configurations of material systems in 
whatever part of space, and knowing that changes of configura- 
tion are not due to mere change of place, wears able to attribute 
these ehanges to the action of other matter, and thus to establish 
the notion of force, which would be impossible if change of ahape 
might be due to empty space. 



PH1L080PHI0AL THBOHIBI OF OIOIOTBY. 8J 

Thug, to conclude : Geometry requires, if it ib to be praeti" 
cally poerible, some body or bodies which are either rigid (in 
the dynamical sense), or known to undeigo some definite 
changes of shape according to some definite law. (These 
changes, we may suppose, ore known by the bws of Physics, 
which have been experimentally established, and which through- 
out assume the truth of Geometry.) One or more such bodies 
are necessary to applied Geometry — but only in the sense in 
which rulers and compasses are necessary. They are necessaiy 
as, in making the Ordnance Survey, an elaborate apparatus was 
necessary for measuring the base line on Salisbury Plain. But 
for the tliwry of Geometry, geometrical rigidity suffices, and 
geometrical rigidity means only that a shape, which is possible 
in one part of spate, is possible in any other. The empirical 
element in practice, arising from the purely empirical nature of 
physical rigidity, is comparable to the empirical inaccuracies 
arising from the failure to find straight lines or circles in the 
world — which no one but Mill has regarded as rendering 
Geometry itself empirical or inaccurate. But to make Geo- 
metry await the perfection of Physics, is to make Physics, 
which depends throughout on Geometry, forever impossible. 
As well might we leave the formation of numbers until we had 
counted the houHOS in Piccadilly. 

Srdmanii. 

74. In connection with Riemann and Helmholtz, it is 
natural to consider Erdmann's philosophical work on their 
theories*. This is certainly the most important book on the 
subject which has appeared frt}m the philosophical side, and in 
spite of the fact that, like the whole theory of Biemann and 
Helmholtz, it is inapplicable to projective Geometry, it still 
deserves a very full discussion. 

Erdmann agrees throughout with the conclusions of Biemann 
and Helmholtz, except on a few points of minor importance ; 
and his views, as this agreement would lead one to expect, are 
ultra-empirical Indeed his logic seems — though I say this with 

' IM« Aiiom« der OMmeiri«: Bint philotophiiebt UatonwMhwig ter 
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—to be inoompatible with any tyftem but that of 
Hill: there is apparently no distinction, to him, between the 
general and the universal, and consequently no concept not 
embodied in a series of instances. Such a theory of logic, to 
my mind, vitiates most of his work, as it vitiated Biemann's 
I^losophy'. This general critidsm will find abundant illustra- 
tion in the course of pur account of Erdmann's views. 

76. After a general introduction, and a short history of 
the development of Metageometry, Erdmann proceeds, in his 
second chapter, to discuss what are the axioms of Euclidean 
Geometry. The arithmetical auoms, as they are called, he 
leaves aside, as applying to magnitude in general; what we 
want here, he says, is a definition of space, for which the geo- 
metrical axioms are alone relevant. But a definition of space, 
he says — following Biemann— demands a genus of which space 
shall be a species, and this, since our space is psychologically 
unique, can only be furnished by analyti(»l mathematics (p. 36). 
Now the space-fmms dealt with by Geometry are magnitudes, 
and conceptions of magnitude are everywhere applied in Geo- 
metry. But before Biemann, only particular determinations of 
space could be exhibited as magnitudes, and thus the desired 
definition was impossible to obtain. Now, however, we con 
subsume space as a whole under a general conception of mag- 
nitude, and thus obtain, besides the space-intuition and the 
space-conception, a third form, namely, the conception of space 
as a magnitude (OrdBtenbe^ff vom Raum, pp. 38-89). The 
definition of this will give us the complete, but not redundant, 
system of axioms, which could not be obtained by transforming 
tiie general intuition of space into the space-conception, for 
want of a plurality of instances (p. 40). 

78. Before considering the subsequent method of defi- 
nition, let us reflect on the theories involved in the above 
account of the conception of space as a magnitude. In the 
first place, it is assumed that conceptions cannot be formed 
unless we have a series of separate objects firom which to abstract 
a common property— in other woids, that the universal is 
always the genwaL In the second place, it is assumed that all 

1 Ob flM iaiMOM el MOl, •£. Stdlo^ OoBSifti 0f Modm PlgriiM, p. Sl«, 
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definition is elaasifieation ander a genu& In the third place, the 
conception of magnitude, if I am not mistaken, is fiindamentally 
misunderstood when it is supposed applicable to space as a 
whole. But in the fourth place, eyen if such a conception 
existed, it could give none of the essential properties of space. 
Let us consider these four points successively. 

77. As regards the first point, it is to be observed that 
people certainly had some conception of space before Riemann 
invented the notion of a manifold, and that this conception 
was certainly something other than the common qualities of 
all the points, lines or figures in space. In the second place» 
Erdmann's view would make it impossible to conceive God, 
unless one were a polytheist^ or the universe — unless, like 
Leibnits, one imagined a series of possible worlds, set over 
against God, and none of them, therefore, a true Universe— 
or, to take an instance more likely to appeal to an empiricist^ 
the necessarily unique centre of mass of the material universe. 
Any universal, in short, which is a bond or unity between thingfi^ 
and not merely a common property among independent objects, 
becomes impossible on Erdmann's view. We cannot, therefore, . 
unless we adopt Mill's philosophy intact, regard the conception f 
of space aH demanding a series of instances from which to 
abstract But oven if we did so regard it, Ricmann's manilbldM 
would leave un without resouix»s. For Euclidean space still 
appears as unique, at the end of his series of determinations. 
We have instances of manifolds, but not instances of Euclidean 
space. Thus if Erdmann's theory of conceptions were oonect^ 
he would still be left searching in vain for the conception of 
Euclidean space. 

78. The second point, the view that all definition is clas- 
sification, is closely allied to the first, and the two together 
plunge us into the depths of scholastic formal logic The same 
instances of things which could not, on Erdmann's view, be 
con^^ed, may now be adduced as things which cannot be 
defined. Whatever was said above applies here also^ and the 
point need not, therefiMre, be further disonssedS 
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79. Ab regards the third point, the impoeeibiUty of ap- 
plying conoeptione of magnitude to tpaoe as a whole, a longer 
aigument will be necessary, for we are concerned, here, with 
the whole question of the logical nature of judgments of mag- 
nitude. As we had before too much comparison for our needs, 
so we have now too little. I will endeavour to explain this 
point, which is of great importance, and underlies, I think, 
most of the philosophical &llacies of Riemann's school. 

A judgment of magnitude is always a judgment of com- 
parison, and what is more, the comparison is never concerned 
with quidity, but only with quantity. Quality, in the judg- 
ment of magnitude, is supposed identical, in the object whose 
magnitude is stated, and in the unit with which it is compared. 
But quality, except in pure number, and in pure quantity as 
dealt with by the Calculus, is always present, and is partly 
absorbed into quantity, partly untouched by the judgment 
of magnitude. As fiosanquet says (Logic, Vol. I. p. 124); 
" Quantitative comparison is not prima facie coordinate with 
qualitative, but rather stands in its place as the effect of 
comparison on qualiti^, which so far as comparable becomes 
quantity, and so far as incomparable furnishes the distinction 
of parts essential to the quantitative whole" (italics in the 
original). Thus, if we are to regard space as a magnitude, we 
must be able to adduce all those series of instances of which 
Erdmann speaks, and which, for the conception of space, seemed 
irrelevant. But it remains to be proved that the comparison, 
which we can institute between various spaces, is capable of 
expression in a quantitative form. Rather it would seem that 
the difference of quality is such as to preclude quantitative 
comparison between different spaces, and therefore also to 
preclude all judgments of magnitude about space as a whole. 
Here an exception might seem to be demanded by non- 
Euclidean spaces, whose space-constants give a definite mag- 
nitude, inherent in space as a whole, and therefore, one might 
think, characterixing space as a magnitude. But this is a 
mistake. Fcft the space-constant, in such spaces, is the ultimate 
unit, the fixed term in all quantitative comparison; it is itself, 
therefive, destitute of quantity, since there is no independently 
given magnitude with which to compare it A non-Euclidean 
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world, in which the spaoe^wnttant and all lines and figures 
were suddenly multiplied in a constant ratio, would be wholly 
unchanged ; the lines, as measured against the space-constant, 
would have the same magnitude as before, and the space- 
constant itself, having no outside standard of comparison, would 
be destitute of quantity, and therefore not subject to change 
of quantity. Such an enhitgement of a non-Euclidean world, 
in other words, is unmeaning ; and this proves how inapplicable i 
is the notion of quantity to space as a whole. 

It might be objected that this only proves the absence 
of quantitative difference between different spaces of positive 
space-constant, or between those of negative space-constant: 
the quantitative difference persists, it might be said, between 
those of positive curvature in general and those of negative 
curvature in general, or between both together and Euclidean 
space. This I entirely deny. There is no qualitatively similar 
unit, in the three kinds of space, by which quantitative 
comparison could be effected. The straight lines of one space 
cannot be put into the other : the two straight lines, in one 
space, whose product is the reciprocal of the measture of cur- 
vature, have no corresponding curves in the other space, and 
the measures of curvature cannot, therefore, be quantitatively 
compared with each other. That the one may be regarded as 
positive, the other negative, I admits but their values are 
indeterminate, and the units in the two cases are qualitatively 
different. A debt of £300 may be represented as the asset . 
of -£300, and the height of the Eiffel Tower is + 300 metres ; 
but it does not follow that the two are quantitatively comparable. 
So with space-constants: the space-constant is itself the unit 
for magnitudes in its own space, and differs qualitatively fiom 
the space-constant of another kind of space. 

Again, to proceed to a more philosophical argument^ two 
different spaces cannot co-exist in the same world: we ma> 
be unable to decide between the alternatives of the disjunction, 
but they remain, none the less, absolutely incompatible al- 
ternatives. Hence we cannot get that coexistence of two 
spaces which is essential to comparison. The &ct seems to be 
that Erdmann, in his admiration for Biemann and Helmh<dti» 
has &llen in with their mathematical bias, and assumed, as 
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mathematiciaQs naturally tend to aasiune, that quantity is 
eveiywhere and always applicable and adequate, and can deal 
with more than the mere comparison of things whose qualities 
are already known as similar\ 

80. This suggests the fourth and last of the above points, 
that the qualMet of space, even if space could be succeasfiiUy 
regarded as a magnitude, would have to be entirely omitted 
in such a manner of regarding it, and that, therefore, none of 
its importaiit or essential properties would emeige from such 
treatment For to regard space as a magnitude involves, as 
we saw, a comparison with something qualitatively similar, 
and an abstraction from the similar qualities. To some extent 
and by the help of certain doubtful ailments, such a com- 
parison is instituted by Kiemann and Erdmann ; but when they 
have instituted it, they feiget all about the common qualities 
on which its possibility depends. But these are precisely the 
fundamental properties of space, and those from which, as I 
shall endeavour to prove in Chapter ill., the axioms common 
to Euclid and Metageometry follow A priori Such are the 
dangers of the quantitative bias. 

81. Afber this protest against the iuitiiU assumptions in 
Erdmann's deduction of space, let us return to consider the 
manner in which this deduction is carried out. Here there 
will be less ground for criticism, as the deduction, given its 
presuppositions^ is, I think, as good as such a deduction can be. 
To define space as a magnitude, he says, let us start with two 
of its most obvious properties, continuity and the three dimen- 
sions. Tones and colours afford other instances of a manifold 
with these two properties, but differ bom space in that their 
dimensions are not homogeneous and interchangeable. To 
designate this difference, Erdmann introduces a useful jiair of 
terms: in the general case, he calls a manifold n-determined 
(n-betUmnU) ; in the case where, as in space, the dimensions are 
homogeneous, he calls the manifold ii-extended {jKtusgedeknty 
Manifolds of the latter sort he calls extents (Ausg^dehiUkeiten), 



* TIm mib* imdtMiUli^ of tpsot to inoro m^guikidt is provod b/ K»at*f 
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That the difference between the two kinds is one of quality, 
not of quantity, he seems not to perceive ; he also overlooks 
the fiMst that, in the second kind, from its very definition, 
the axiom of Congruence must hold, on account of the quali- 
tative similarity of different parts. In spite of this feet, he 
defines space as an extent, and then regards Congruence as 
empirical, and as possibly fiilse in the infinitesimal This is 
the more strange, as he actually proves (p. 50) that measure- 
ment is impomible, in an extent, unless the parts are indepen- 
dent of their place, and can be carried about unaltered as 
measures. In spite of this, he proceeds immediately to discuss 
whether the measure of curvature is constant or variable, 
without investigating how, in the latter case. Geometry could 
exist We cannot know, he says, firom geometrical super- 
position, that geometrical bodies are independent of place, 
for if their dimensions altered in motion according to any 
fixed law, two bodies which could be superposed in one place 
could bo superposed in any other. That such a hypothesis 
involves absolute position, and denies the qualitative simi- 
larity of the ports of space, which he declares (p. 171) to be 
the principle of his theory of Geometry, is nowhere perceived. 
But what is more, his notion that magnitude is something 
absolute, independent of comparison, has prevented him fifom 
seeing that such a hypothesis is unmeaning. He says himself 
that, even on this hypothesis, a geometrical body can be defined 
as one whose points retain constant distances finom each other, 
for, since wc have no absolute measure, measurement could not 
reveal to us the change of absolute magnitude (p. 60). But is 
not fchis a reductio ad aisurdumf For magnitude is nothing 
apart from comparison, and the comparison here can only be 
effected by superposition ; if, then, as on the above hypothesis, 
superposition always gives the same result, by whatever motion 
it is effected, there is no sense in speaking of magnitudes as 
no longer equal when separated: absolute magnitude is an 
absurdity, and the magnitude resulting from comparison does 
not differ finom that which would result if the dimensions of 
bodies were unchanged in motion. Therefore, since magnitude 
is only intelligible as the result of comparison, the dimensioDs 
of budies are unchanged in motion, and the suggested hypoth< 
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is UDmeaDing. On this sabjeet I shall have more to say in 
Chapter ni.> •* 

.8S. This hypothesis, however, is not introduoed for its 
own sake, but only to usher in the Helmholtsian daui w 
moMna^ Mechanics. For Mechanics proves — so Erdmannn con- 
fidently continues— that rigidity must hold, not merely as to 
ratios, in the above restricted geometrical sense, but as to 
absolute magnitudes (p. 62). Hence we get at last true Con- 
gruence, empirical as Mechanics is empirical, and impossible to 
prove apart from Mechanics. I have already criticised Helm- 
holts's view of the dependence of Geometry on Mechanics, and 
need not here speak of it at length. It is a pity that Erdmann 
has in no way specified the procedure by which Mechanics 
decides the geometrical alternatives — indeed he seems to rely 
on the ipse dimi of Helmholts. How, if Oeometry would be 
totally unable to discover a change in dimensions of the kind 
^ suggested, the Laws of Motion, which throughout depend on 
Oeometry, should be able to discover it if it existed, I am 
wholly at a loss to understand. Uniform motion in a straight 
line, for example, presupposes geometrical measurement; if 
this measurement is mistaken, what Mechanics imagines to be' 
uniform motion is not really such, but Mechanics can never 
discover the discrepancy. If the Laws of Motion had been 
regarded as d prian, Oeometry might possibly have been rein- 
foroed by them ; but so long as they are empirical, they presup- 
pose geometrical measurement, and cannot therefore condition 
or affect it 

Erdmann's conclusion, in the second chapter, is that Con- 
gruence is probable, but cannot be verified in the infinitesimal ; 
that its truth involves the actual existence of rigid bodies 
(though, by the way, we know these to be, strictly speaking, 
non-existentX ^^^ ^^^ bodies are fifeely moveable, and do 
not alter their siae iu rotation (Helmholts's Monodromy) ; that 
the axiom of three dimensions is certain, since small errors are 
impossible; and that the remaining axioms of Euclid — those 
of the straight line and of parallels— are approximately, if not 
aoeorately, true of our aetual q»aee (pp. 78, 88)b He does not 
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discuss how Congnieiioe, on the above view, is compatible with 
the atomic theory, or even with the observed deformations of 
approximately rigid bodies; nor how, if space, as he assumes* 
is homogeneous, rigid bodies can fail to be freely moveable 
through space. The axioms are all lumped together as em- 
pirical, and it appears, in the following chapters, that Erdmann 
regards their empirical nature as suBiciently proved by their 
applicability to empirical material (cf. pp. 159, 165) — a strange 
criterion, which would prove the same conclusion, with equal 
facility, of Arithmetic and of the laws of thought. 

83. The third chapter, on the philosophical consequences 
of Metageometry, need not be discussed at length, since it 
deals rather with space than with Geometry. At the same 
time, it will be worth while to treat briefly of Erdmann's 
criterion of apriority. On this subject it is veiy difficult to 
discover his meaning, since it seems to vary with the topic he 
is discussing. Thus at one time (p. 147) he rejects most ^ 
emphatically the Kantian connection of the A priori and the 
subjectiveS and yet at another time (p. 96) he regards eveiy 
presentation of external things as partly d priori^ partly 
empirical, merely because such a presentation is due to an 
interaction between ourselves and things, and is therefore 
partly due to subjective activity, partly due to outside objects. 
Hence, he says, the distinction is not between different presen- 
tations, but between different aspects of one and the same 
presentation. This seems to return wholly to the Kantian 
psychological criterion of subjectivity, with the added disad- 
vantage that it makes the distinction, like that of analytic 
aud synthetic, epistemologically worthless. And yet he never 
hesitates to pronounce every piece of knowledge in turn em- 
pirical. The &ct seems to be, that where he wants a more 
logical criterioD, he adopts a modification of Helmholtz's cri- 
terion for sensations. If space be an d priori form, he says, 
no experience could possibly change it (p. 108) ; but this Meta- 
geometry has proved not to be the case, since we can intuit the \ 
perceptions which non*Euclidean space would give us (p. 115). 

* 

> ** Jete Venaoh, KMt's Lsbra von d«r Aprioritftt all dm labJMlivni, vo« 
alltr ErCahrong absolat uiuibhiogig»a ErkMinliiiitfiolon, troiidtni mi hallH^ 
ill cMudb fOB vornhMmn anatiohltlos.'' 
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I have criticiBed this iii|[ument in discuBsing Helmholts; at 
present we are concerned with Erdmann'a eriterion of apriority. 
The mibjectivity-critcrion— though he oertainly uiies it in die- 
coeeing the apriority of epaoe, and solemnly decides, by its 
ff 1 / I means, that space is both A priori and empirical, since a ctiange 
' f I I either in as or in the enter world coald change it (p. 97) — 
would seem, like several of his other tests, to be a lapse on 
his part: the criterion which he means to use is Helmholts's. 
This critericm, I think, with a slight change of wording, might 
be accepted ^ it seems to me a necessary, but not a sufficient 
-^ condition. The A priori, we may say, is not only that which 

no experience can change, but that without which experience 
would become impossible. It is the omission to discuss the con* 
ditions which render geometrical (and mechanical) experience 
possible, to my mind, which vitiates the empirical conclusions 
of Helmholts and Erdmann. Why certain conditions should 
be necessary for experience — whether on account of the con- 
stitution of the mind, or for some other reason— is a further 
question, which introduces the relation of the d priori to the 
subjective. But in discussing the question as to what know- 
ledge is A priori^ as opposed to the question concerning the 
further consequences of apriority, it is well to keep to the 
purely logical criterion, and so preserve our independence of 
psychological controversies. The fact, if it be a fact, that the 
world might be such as to defy our attempts to know it, will 
not, with the above criterion, invalidate the conclusion that 
certain elements in knowledge are A priori; for whether ful- 
filled or not, they remain necessary conditions for the existence 
of any knowledge at alL 

M. With this caution as to the meaning of apriority, we 
shall find, I think, that the conclusions of Erdmann's final 
chapter, on the principles of a theory of Geometry, are largely 
invalidated by the diversity and inadequacy of his tests of the 
A priori He begins by anserting, in conformity with the 
quantitative bias noticed above, that the question as to the 
nature of geometiical axioms is completely analogous to the 
corresponding question of the foundations of pure mathematics 
(pi 188). This is, I think, a radical error : for the function of 
the axioms seems to be, to establish that qualitative basis on 
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whioh» as we saw, all qualitative eomparison must rest Bat 
in pitre mathematicB, this qualitative bams is irrelevaiit» for 
wo deal there with pure quantity, i§. with the merely quanti- 
tative result of quantitative eomparison, wherever it is pomble, 
independently of the qualities underlying the oomparison. 
Geometry, as Orassmann iiisists\ ought not to be elaased with 
pure mathematics, for it deals with a matter which is given 
to the intellect, not created by it. The axioms give the 
means by which this matter is made amenable to quantity^ 
and cannot, therefinre, be themselves deduced from purely 
quantitative considerationa 

Leaving this point aside, however, let us return to Erdmann. 
He distinguishes, within space, a form and a matter: the form 
is to contain the properties common to all extents, the matter 
the properties which distinguish space from other extents. This 
distinction, he says, is purely logical, and does not correspond 
with Kant's: matter and form, for Erdmann, are alike empirical. 
The axioms and definitions of Qcometry, he says, deal exclusively 
with tho matter of spooo. It seems a pity, having made this 
distinction, to put it to so little use : after a few pages, it is 
dropped, and no epistcmoiogical consetiuences are dmwn from 
it The reason is, I think, that Erdmann has not perceived how 
much can bo deduced from his definition of an extent^ as a 
manifold in which the dimensions are homogeneous and inter- 
changeable. For this property sufiices to prove the complete 
homogeneity of an extent, and hence — from the absence of quali- 
tative differonces among elements — ^the relativity of position and 
the axiom of Congruence. This deduction will be made at length 
in the sequel'; at present, I have only to observe that every 
extent, on this view, possesses all the properties (except the 
three dimensions) common to Euclidean and non-Eudidean 
spaces. The axioms which express these properties, therofore» 
apply to the form of space, and follow fire>m homogeneity alone, 
which Erdmann allows (p. 171) as the principle of any theoiy 
of space. The above distinction of form and matter, there- 
fore, oon^esponds, when its full consequences are deduced, to 
1 the distinction between the axioms which follow from the 



T 



! 



' AniiWhnnngiiithw fOB 1S44, Sad tdiUon, pp. siii. ixilL 

•SMfltSfl. 



92 FOUNDATIONS OF GEOMETRY. 

homogeneity of space and thoee which do not Since, then, 
homogeneity is equivalent to the relatiTity of position, and 
the relativity of position is of the very essence of a form of 
externality, it would seem that his distinction of form and 
matter can also be made coextensive with the distinction 
of the d priori and empirical in Geometry. On this subject, 
I shall have more to say in Chapter III. 

In the remainder of the chapter, Erdmann insists that the 
straight line, etc., though not abstracted from experience, which 
nowhere presents straight lines, must yet, as applicable to 
admittedly empirical sciences, be empirical (p. 159)^a criterion 
which he appears to employ only when all other grounds for an 
empirical opinion fiiil. and one which, obviously, can never refuse 
to do its work, since all elements of knowledge are susceptible 
c( employment on some empirical material. He also defines the 
straight line (p. 155) as a line of constant curvature zero, as 
though curvature could be measured independently of the 
straight line. Even the arithmetical axioms are declared 
empirical (p. 165), since in a world where things were all 
hopelessly different from one another, these axioms could not be 
applied. After this reminder of Mill, we are not surprised, a few 
pages later (p. 172), at a vague appeal to "English logicians" as 
having proved Qeometr} to be an inductive science. Never- 
theless, Erdmann declares, almost on the last page of his book 
(p. 173), that Geometry is distinguished fix>m all other sciences 
by the homogeneity of its material : a principle of which no 
single application occura throughout his book, and which, as we 
shall see in Chapter IIL, flatly contradicts the philosophical 
theories advocated throughout his preceding pagea 

On the whole, then, it cannot be said that Erdmann has 
done much to strengthen the philosophical position of Riemann 
and Helmholtz. I have criticized him at length, because his 
book has the appearance of great thoroughness, and because it 
is undoubtedly the best defence extant of the position which it 
takes up. We shall now have the opposite task to perform, in 
defending Hetageometry, on its mathematical side, from the 
attacks of Lotze and others, and in vindicating for it that 
measure of philosophical importance^fru* inferior, indeed, to 
the hopes of Erdmann — which it seems really to possess. 
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LotM. 

86. Lotse's aigument as regards Oeometiy* — ^which follows 
a metaphysical argument as to the ontological nature of space, 
and assumes the results of this argument — consists of two 
parts : the first discusses the yarious meanings logically assign* 
able (pp. 288-247) to the proposition that other spaces than 
Euclid's are possible, and the second criticises, in detail, the 
procedure of Metageometiy. The first of these questions is 
very important, and demands considerable care as to the logical 
import of a judgment of possibility. Although Lotse's dis- 
cussion is excellent in many respects, I cannot persuade myself 
that he has hit on the only true sense in which non-Euclidean 
spaces are possible. I shall endeavour to make good this state- 
ment in the following pages. 

86. Lotze opens with a somewhat startling statement, 
which, though philosophically worthy to be true, does not 
appear to be historically borne out. Euclidean Geometry has 
been chiefly shaken, he says, by the Kantian notion of the 
exclusive subjectivity of space— if space is only our private 
form of intuition, to which there exists no analogue in the 
objective world, then other beings may have other spaces, 
without supposing any difference in the world which they 
arrange in these spaces (p. 233). This certainly seems a 
legitimate deduction from the subjectivity of space, which, so 
far from establishing the universal validity of Euclid, establishes 
his validity only after an empirical investigation of the nature of 
space as intuited by Tom, Dick or Harry. But as a matter of 
fact, those who have done most to further non-Euclidean Geo- 
metry — with the exception of Biemann, who was a disciple of 
Herbart — have usually inherited fix>m Newton a naive realism 
as regards absolute space. I might instance the passage quoted 
from Bolyai in Chapter t., or Clifford, who seems to have thought 
that we actually see the images of things on the retina*, or again 
Helmholtz's belief in the dependence of Geometry on the be- 
haviour of rigid bodies. ThiB belief led to the view that 

* Hetophyrik, Book n. Gh*p. n. 11/ ntewMM are to tho oiigiMl. 
' Sm LeetaTM and Easaya, VoL i. p. S61. 
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Geometiy, like Physic8» is an experimental acienee, in which 
objective troth can be attained, it is tine, bat only by empirical 
methods. However, Lotae's ground for uncertainty about Euclid 
is a friiilosDphically tenable ground, and it will be instructive to 
observe the various possibilities which arise fixim it. 

If space is only a subjective form — so Lotae opens his 
aigument— other beings may have a different fimn. If this 
corresp o nds to a different worid, the difference, he says, is 
uninteresting: tor our wortd alone is relevant to any meta- 
physical discussion. But if this different space corresponds 
to the same worid which we know under the Euclidean form, 
then, in his opinion, we get a question of genuine philosophic 
interest And here he distinguishes two cases: either the 
relations between things, which are presented to these hypo- 
thetical beings under the form of some different space, aie 
relations which do not appear to us, or at any rate do not 
appear spatial ; or they are the same relations which appear 
to us as figures in Euclidean space (p. 235). The first possi- 
bility would be illustrated, he says, by beings to whom the tone 
or colour-manifolds appeared extended ; but we cannot, in his 
opinion, imagine a manifold, such as is required for this case, to • 
have its dimensions homogeneous and compamble inter ee, and 
therefore the contents of the various presentations constituting 
such a manifold could not be combined into a single content 
containing them all. But the possibility of such a combination 
is of the essence of anything worth calling a space : therefore the ' 
first of the above possibilities is unmotived and uninteresting. 
Lotae's conclusion on this pointy I think, is undeniable, but I 
doubt whether lus aigument is very cqgent. However, as this*' 
possibility has no connecti<m with that contemplated by non- 
Eudideans, it is not worth while to discuss it further. 

The second possibility also, Lotae thinks, is not that of 
Metageometiy, but in truth it comes nearer to it than any 
of the other possibilities discussed. If a non-Euclidean were 
at the same time a believer in the subjectivity of space, he ~ 
would have to be an adherent of this view. Let us see more 
pradsely what the view is. In Book IL, Chapter L, Lotie has 
accepted the aigument of the Transcendental Aesthetic, but 
rqeeted that of the mathematical antinomies : he has 
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that space is, as Kant believed, subjective, but poesessea never- ^ 

theless, what Kant denied it, an objective counterpart The 
relation of presented space to its objective counterpart, as 
conceived by Lotse, is rather hard to understand. It seems 
scarcely to resemble the relation of sensation to its object — 
e.g. of light to ether- vibrations — for if it did, space would not 
be in any peculiar sense subjective. It seems rather to resemble 
the relation of a perceived bodily motion to the state of mind 
of the person willing the motion. However this may be, the 
objective counterpart of space is supposed to consist of certain 
immediate interactions of monads, who experience the inter- 
actions as modifications of their internal states. Such inter- , 
actions, it is plain, do not form the subject-matter of Geometry, 
which deals only with our resulting perceptions of spatial figures. 
Now if Lotze's construction of iqiace be correct, there seems 
ceii4unly no reason why these resulting perceptions should 
not, for one and the same interaction between monads, be 
very different in beings differently constituted from ourselves. • 
But if they were different, says Lotze, they would have to be 
utterly different — as different, for example, as the interval 
between two notes is fit>m a straight line. The possibility 
is, therefore, in his opinion, one about which we can know 
nothing, and one which must remain always a mere empty 
idea. This seems to me to go too fiir: for whatever the 
objective counterpart may be, any aigument which gives ns 
information about it must, when reversed, give us infiNrmation 
about any possible form of intuition in which this counterpart 
is presented. The aigument which Lotze has used in his former 
■chapter, for example, deducing, fix)m the relativity of position, 
the merely relational nature of the objective counterpart, allows 
us, convemely, to infer, from this relational nature, the complete 
relativity of position in any possible space-intuition — unless* 
indeed, it bore a wholly deceitfiil relation to those inteiaetions 
of monads which form its objective counterpart. But the 
complete relativity of position, as I shall endeavour to establish / 
in Chapter in., suffices to prove that our Geometry must be 
Euclidean, elliptic, spherical or pseudo-sphericaL We have* 
therefore^ it would seem, very considerable knowledge, on Lotae's 
theory of space, of the manner in which what appears to us as 
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space ffiiM^ appear to any beings with our laws of thought We 
cannot know, it is tnie, what pijfekological theoiy of spaoe- 
perception would apply to such beings: they might have a 
sense diflRsrent from any of outs, and they might have no 
sense in any way resembling ours, but yet their Geometry 
would have points of resemblance to ours, as that of the blind 
ooincidet with that of the seeing. If space has any objective 
counterpart whatever, in Bhori, and if any inference is possible, 
as Lotse holds it to be, horn space to its counterpart, then a 
converse aigument is also possible, though it may give some 
only of the qualities of Euclidean space, since some only of 
these qualities may be found to have a neoessaiy analogue in 
the counterpart 

87. Admitting, then, in Lotze's sense, the subjectivity of 
space, the above possibility does not seem so empty as he 
imagines. He discusses it briefly, however, in order to pass 
on to what he regards as the r^ meaning of Metageometiy. 
In this he is guilty of a mathematical mistake, which causes 
much irrelevant reasoning. For he believes that Metageometiy 
constructs its spaces out of straight lines and angles in all 
respects similar to Euclid's, whence he derives an easy victory . 
in proving that theae elements cm lead only to the one space. 
In this he has be^n misled by the phraseology of non-Euclideans, 
as well as by Euclid's separation of definitions and axioms. 
For the fact is, of course, that straight lines are only fully 
.defined when we add to the formal definition the axioms of 
the straight line and of parallels. Within Euclidean space, 
Euclid's definition sufiices to distinguish the straight line from 
all odier curves ; the two axioms referred to are then absorbed 
into the definition of space. But apart from the restriction 
to Euclidean space, the definition has to be supplemented by 
the two axioms, in order to define completely the Euclidean 
straight line. Thus Lotie has misconceived the bearing of 
non-Euclidean constructions, and has simply missed the point 
in Kiguing as he does. The possibility contemplated by a 
non-Eudidean, if it fell under any of Lotie's cases, would fiill 
under the second case diwussed above. 

88l But the bearing of Hetageometry is really, I think, 
difiimnt tnm anything imagined by Lotae ; and as few writers 
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seem dear on this point, I will enter aomewHat fully into what 
I oonceiye to be ita purpoae. 

In the first plaoe, there are aome writers — ^notably Clifiiwd — ' 
who, being naive realists as regards space, hold that our 
evidence is wholly insufiioient, as yet, to decide as to its nature 
in the infinite or in the infiniteainial (cf. Essays, VoL L p. 320) : 
these writers are not concerned with any possibility of beings 
different finom ourselves, but simply with the everyday space we 
know, which they investigate in the spirit of a chemist discuss- 
ing whether hydrogen is a metal, or an astronomer discussing 
the nebular hypothesis. 

But these are a minority : most, more cautious, admit that 
our space, so fieur as observation extends^ is Euclidean, and if 
not accurately Euclidean, must be only slightly spherical or 
pseudo-spherical. Here again, it is the space of daily life which 
is under discussion, and here fiirther the discussion is, I think, 
independent of any philosophical assumption as to the nature 
of our space-intuition. For even if this be purely subjective» 
the translation of an intuition into a conception can only be 
accomplished approximately, vrithin the errors of observation 
incident to self-analysis ; and until the intuition of space has 
become a conception, we get no scientific Geometiy. The 
apodeictic certainty of the axiom of parallels shrinks to an 
unmotived subjective conviction, and vamshes altogether in 
those who entertain non-Euclidean doubts. To reinforce the 
Euclidean &ith, reason must now be brought to the aid of 
intuition; but reason, unfortunately, abandons us, and we are 
left to the mercy of approximate observations of stellar triangles 
— a meagre support, indeed, for the cherished religion ci oor 
childhood. 

89. But the possibility of an inaccuracy so slight^ that 
our finest instruments and our most distant parallaxes show 
no trace of it, would trouble men's minds no more than the 
analogous chance of inaccuracy in the law of gravitation, were 
it not for the philosophical import of even the slenderest pos- 
sibility in this sphere. And it is the philosophical bearing of 
Hetageometiy alone, I think, which constitutes its real im- 
portance. Even i( as we will suppose for the moment^ obser- 
vation had established, beyond the possibility of doubt» that 
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our space might be safely regarded as Euclidean, still Heta- 
geometiy would have shown a philosophical possibility, and 
on this ground alone it could claim, I think, very nearly all 
the attention which it at present deserves. 

But what is this possibility ? A thing is possible, according 
to Bradley (Logic, p. 187), whon it would follow from a certain 
number of conditions, some of which are known to be realized. 
Now the conditions to which a form of externality must con- 
form, in order to be affirmed, are : first, of course, that it should 
be experienced, or legitimately inferred fiiom something ex- 
perienced; but secondly, that it should conform to certain 
logical conditions, detailed in Chapter IIL, which may be sum- 
med up in the relativity of position. Now what Metageometry 
has done, in any case, is to suggest the proof that the second 
of these conditions is fulfilled by non-Euclidean spaces. Euclid 
is affirmed, therefore, on the ground of immediate experience 
alone, and his truth, as unmediated by logical necessity, is 
merely assertorical, or, if we prefer it, empirical. This is the 
most important sense, it seems to me, in which non-Euclidean 
spaces are possible. They are, in short, a step in a philo- 
sophical argument, rather than in the investigation of tact: 
they throw light on the nature of the grounds for Euclid, rather 
thim on the actual conformation of space*. This import of 
Metageometry is denied by Lotze, on the ground that non- 
Euclidean logic is &ulty, a ground which he endeavours, by 
much detail and through many pages, to make good — ^with 
what success, we will now proceed to examine. 

90. Lotze's attack on Metageometry— although it remains, 
80 fiir as I know, the best hostil e criticism extant, and although 
its aiguments have be(K>me part of the regular stock-in-trade 
of Euclidean philosophers— contains, if I am not mistaken, 
several misunderstandings due to insufficient mathematical 
knowledge of the subject. As these misunderstandings have 
been widely spread among philosophers, and cannot be easily 
removed except by a critic who has gone into non-Euclidean 
Gecxmetiy with some care, it seems desirable to discuss Lotze's 
strictures point by point 

> Ob flw BMSBliif of s^ooMtrioa poMiUUtj, of. VeroiMfe, Onrndiflso der 
O ss a w hh {(hamm tnuudslloBk PP* li-xUi. 
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9L The mathematioal mtioinn .begins (§ 181) with a 
■omewhat quettion-beggiiig definitioii of paiallel aUaigfat lines. 
Two ■toaight lines as, bfi, aooovding to this definition, ave 



parallel when— a and b being arbitrary points on the two 
lines — if aa^bff, then ab^aff, where «» /9 are two other points 
on the two btraight lines respectively. This definition — ^which 
ooiitains Euclid's axiom and definition combined in a very 
convenient and enticing form — is of course thcNTOughly suitable 
to Euclidean Goometiy, and leads immediately to all the 
Euclidean propositions about parallels. But it is perhaps 
more honest to follow Euclid's course ; when an aadom is thus 
buried in a definition, it is apt to seem, since definitions are 
supposed to be arbitrary, as though the difficulty had heea 
overcome, while in reality, the possibility of parallels, as above 
defined, involves the very point in question, namely, the dis- 
puted axiom of parallels. For what this axiom asserts is 
simply the existence of lines conforming to Lotse's definition. 
The deduction of the principal propositions on parallels^ with 
which Lotze follows up his definition, is of course a very simple 
proceeding — a proceeding, however, in which the first step b^ 
the question. 

92. The next argument for the apriority of Euclidean 
Geometry has, oddly enough, an exactly opposite bearing, 
although it is a great favourite with opponents of Meta- 
geometry. Measurements of stellar triangles, and all similar 
attempts at an empirical determination of the space-constant 
are, according to Lotze, beside the mark; for any observed 
departure fiK>m two right angles, or any finite annual parallax 
for distant stars, would be attributed to some new kind ot 
refraction, or, as in the case of aberration, to some other phymcal 
cause, and never to the geometrical nature of space. This is a 

7—2 
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strong aignment fer the empirical yalkUty of Eaolid» but as an 
aigument for the apodeictic certainty of the orthodox system, it 
has an opposite tendenqr. For observations of the Idnd con- 
templated would have to be due to departures from Buclidean 
straightneis, hitherto unknown, on the part of stellar light-rays. 
Such departure could, in certain cases, be accounted for by a 
finite space-constant, but it could also, probably, be accounted 
for by a change in Optics, for example, by attributing refiractivo 
properties to the ether. Such properties could only exist if ether 
were of varying density, if (say) it were denser in the neigh- 
bonriiood of any of the heavenly bodies. But such an assump- 
tion would, I believe, destroy the utility of ether for Physics ; 
a slight alteration in our Qeometry, so slight as not appreciably 
to affect distances within the Sohur System, would probably 
. be in the end, therefore, should such errors ever be discovered, 
/ a simpler explanation than any that Physics could offer. But 
this is not the point of my contention. The point is that, if 
the physical expbmation, as Lotse holds, be possible in the 
. above case, the converse must also hold : it must bo possiblo 
\ to expbun the present phenomena by supposing ether refractive 
\ and space non-Euclidean. From this conclusion there is no 
escape. If every conceivable behaviour of light-rays can be 
explained, within Euclid, by physical causes, it must also bo 
possible, by a suitable choice of hypothetical physical causes, 
to explain the actual phenomena as belonging to a non- 
Euclidean space. Such a hjrpothesiB would be rightly rejected 
^^\ by Science, for the present, on account of its unnecessary 

complexity. Nevertheless it would remain, for philosophy, a 
possibility to be reckoned with, and the choice could only be 
decided upon empirical grounds of simplicity. It may well 
be doubted whether, in the world we know, the phenomena 
could be attributed to a distinctly non-Euclidean space, but 
this conclusion follows inevitably from the contention that no 
phenomena could force us to assume such a space. Lotse's 
aigument, therefore, if pushed home, disproves his own view, 
and puts Euclidean space, as an empirical explanation of phe- 
nomena, on a level with luminiferous ether*. 

PhOoMiUqst^ ISW, Vol. sssfi. pp^ 501-607. 
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98. LoUe now prooeeds (§ 132) to a detailed critidsni of 
Helmholti, whom he regards as a typical exponent of Meta- 
geometry. It is possible that^ at the time when he wrote, 
Helmholti really did occupy this position ; but it is onfortonate 
that, in the minds of philosophers, he should still continue 
to do so, after the veiy material advances brought about by 
the projective treatment of the subject It is also unfortunate 
that his somewhat careless attempts to popularise mathematical 
results have so often been disposed of, without due attenticm 
to his more technical and solid contributions. Thus his ro- 
mances about Flatland and Sphereland — at best <mly fiiiiy-tale 
analogies of doubtful value— have been attacked as if they 
formed an essential feature of Ifetageometry. 

But to proceed to particulars: Lotie readily allows that 
the Flatlanders would set up Plane Qeometry, as we know it, 
but refuses to admit that the Spherelanders could, without 
inferring the third dimension, set up a two-dimensional spherical 
Qeometry which should be free from contradictions. I will 
uudottvour to give a free rendering of Lotse's aigumont on 
this point. 

Suppose, he says, a north and south pole, N and 8, arbi- 
tmiily fixed, and an equator EW, Sup- 
pose a being, J3, capable of impressions 
only from things on the surfi&ce of the 
sphere, to move in a meridian NBS. Let 
B start from some point a, and finally, 
after describing a great circle, return to 
the same point a. If a is known only by 
the quality of the impression it makes on 
B, B may imagine he has not reached the same point a, but 
another similar point a\ bearing a relation to a similar to that 
of the octave in singing: :he might even not arrange his im- 
pressions spatially at alL In order that this may occur, we 
I'equire the further assumption, that every difference in the 
above-mentioned feelings (as he describes the meridian) may 
be presented as a spatial distance between two places. Even 
now, B may think he is describing a Euclidean straight line, 
containing similar points at certain intervals. Allowing; how* 
ever, that he realizes the identity of a with his initial position. 
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he will now seem, by motion in a straight line» to have returned 
to the point from whieh he started, for his motion cannot, 
\ without the third dimension, seem to him other than rectilinear. 
Up to this point, there seems little ground for objection, 
except, perhaps, to the idea of a straight line with periodical 
similar points— if B were as philosophical as, in these dis- 
enssioos, we usually suppose him to be, he would probably 
object to this interpretation of his experiences, on the ground 
that it regards empty space as something independent of the 
objects in it. It is worth pointing out, also, that B would 
not need to describe the whole drole, in order suddenly to 
find himself home again with his old friends. Accurate mea- 
surements of small triangles would suflBce to determine his 
space-constant, and show him the length of a great cirole (or 
straight line, as he would call it). We must admit, also, that 
so hypothetical a being as B might form no space-intuition at 
all, but as he is introduced solely for the purposes of the 
analogy, it is convenient to allow l^im all possible qualifications 
for his post But these points do not touch the kernel of the 
aigumont^ which lies in the statement that such a straight 
lino, returning into itself after a finite time, would appoar to 
A as an "unendurable contradiction," and thus force him, for 
logical though not for sensational purposes, into the assumption 
of a third dimension. This assertion seems to me quite un- 
warranted: the whole of Hetageometiy is a solid array in 
disproof of it. Helmholtz's argument is, it must be remem- 
bered, only an analogy, and the contradiction would exist on/y 
for a Euclidean. A complete three^imetmonal Oeometiy has, 
we have seen in CSiapter I., been developed on the assumption 
that straight lines are of finite length. A canstatU value for 
the measure of curvature, as our discussion of Riemann showed, 
involves neither reference to the fourth dimension, nor any 
kind of internal contradiction. This fact disproves Lotse's 
contention, which arises solely bom inability to divest his 
imagination of Euclidean ideas. 

Lotse next attacks Helmholti for the assertion that B would 

know nothing of parallel lines— parallel Hraight lines, as the 

context shows, he meant to say^ Lotie, however, takes him 

> ToMft and Bdha, Vol. n. p. 9: "PftnlkU Linlmi wflidn dit 
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BH meaning, apparently, mere curves of constant distance from 
a given stodght line, which are part of the regular stock-in- 
trade of Metageometiy. Parallels of latitude, in the geographical 
sense, would not — ^with the exception of the equator — appear to 
B as straight lines, but as circles. Oreai circles he would call 
straight, and this £Mt seems to have misled Lotxe into thinking 
all circles were to be treated as straight lines. Parallels of 
latitude, therefore, though B might call them parallels, would 
not invalidate Helmholtz's contention, which applies only to 
straight lines. 

The argument that such small circles would be parallel, 
which we have just disposed of, is only the preface to another 
proof that B would need a third dimension. Let us call two 
of these parallels of latitude {« and Ig, and let them be equi- 
distant fix>m the equator, one in the northern, one in the southern 
hemisphere. Consecutive tangent planes, along these parallels, 
conveige, in the one case northwards, in the other southwards. 
Either B could become aware of their difference, says Lotze, 
or ho could not. In the former case, which he regaids as the 
mora probable, ho easily proves that B would infer a third di- 
nionsiou. But this alternative is, I think, wholly inadmissible 
Tangent planes, like Euclidean planes in general, would have 
no meaning to B; unless, indeed, he were a metageometriciaii, 
which, with all his metaphysical and mathematical subtlety, the 
argument supposes him not to be — and to such a supposition 
Lotze, surely, is the last person who has a right to object. 
Lotze's attempted proof that this is the right alternative rests, 
if I understand him aright, on a sheer error in ordinary spherical 
Geometry. B would observe, he says, that the meridians made 
smaller angles with his path towaitls the nearer than towards 
the further pole — as a matter of &ct, they would be simply 
perpendicular to his path in both directions. What Lotase 
means is, perhaps, that all the meridians would meet sooner 
in one direction than in the other, and this, of course, is true. 

Bewohntr der Kagel g»r nieht kennen. Si« warden beiuwpleii, dan jadt 
beliebige iwei gerad€it$ Linien, gehdrig verlSagert, ikh ■ohlfanilieh aidit mir 
in einem, londeni in iw«i PonktMi iehnddan mflaften." (Ths itsliet siit 
mine.) The omiinon of itr^ght in midi phiiMs ii s freqwnl kxilgr of 
mathematieiAni. 
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But the poles, in which the meridiaiui meet^ would appear to 
B as the oentros of the respective parallels, while the parallels 
themselves would appear to be circles. Now I am at a loss to 
see what difficulty would arise, to JB, in supposing two different 
dudes to have different centres^ We must, therefore, take 
the first alternative, that B would have no sort of knowledge 
as to the direction in which the tangent planes conveiged. 
Here Lotse attempts, if I have not misunderstood him, to prove 
a reductio ad abturdum: B would think, he says, that he was 
describing two paths wholly the same in direction, and then 
he might regard both paths as circles in a plane. It may be 
observed that directicm, when applied to a circle as a whole, 
is meaningless; indeed direction, in all Hetageometry, can only 
mean, even when applied to straight linesi direction towards 
a point. To speak of two lines, which do not meet, as having 
the same direction, is a surreptitious introduction of the axiom 
of parallels. Apart from this, I caimot conceive any objection, 
oa Bb part, to such a view — one should say muH, not might 
The whole argumentation, therefore, unless its obscurity has 
led me astray, must be pronounced fruitless and inconclusive. 
9L After this preliminaiy discussion of Sphereland, Lotsb 
proceeds to the question of a fourth dimension, and thence to 
spherical and pseudo-spheiWl space. As before, he appeara to 
know only the more careless and popular utterances of Helm- 
holti and Riemann, and to h»ve taken no trouble to understand 
even the foundations of mathematical Metageometry. By this 
n^lect, much of what he says is rendered wholly worthless. 
To begin with, he regards, as the purpose of Helmholts's fairy 
tale, the suggestion of a possible fourth dimension, whereas 
the real purpose was quite the opposite — to make intelligible 
a purely three-dimensional non-Euclidean space. Helmholtz 
introduced Flatland only because its relation to Sphereland 
is analogous to the relation of ours to spherical space*. But 

> II hM bMB fosgMlid to mt thst LoiM r«sardi the meridUiii m projaoted 
€« lo s plMit^ M ia s 11114^ If thifl h% lo, tiMra Is ta oMooflj UkgitimAto 
fjIf ffj lB o H on of Hif thiid diatndkiB. 

• TUt If proved bj Hdmholta*! ranMli St fht tnd of s atUllad sttempt lo 
■Mks iplMrioil tad pModo-tphnioal ■psoM imasinabto (Lo. p. 28) t **A]iden 
isl«adia«idni IHmiDiioBffidMBMUiiit. D» alto imtaw Milld dn&lielMr 
Ml BW'saf data Bmub vob dnl Dimmuknm tntnokni, oad 
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Lotie says: The Flatlanden would find no diflBcalty in a third 
dimenaion, since it would in no way contradict their own 
Oeometiy, while the people in Sphereland, firom the contra* 
dicti<»i8 in their two-dimensional system, would already have 
been led to it The latter contention I have already tried to 
answer; the former has an odd sound, in view of the attempt, 
a few pages Uter, to prove d priori that all forms of intuition, 
in any way analogous to space, must have three dimensi<Niii. 
One cannot help suspecting that the Flatlanders^ with two 
instead of three dimensions, would make a similar attempt. 
But to return to Lotase's ailment: Neither analogy can be 
used, he says, to prove that we ought perhaps to set up a 
fourth dimension, since, for us, no contradictions or otherwise 
inexplicable phenomena exist The only people, so Cur as I 
know, who have used this analogy, are Dr Abbot and a few 
Spiritualists — ^the former in joke, the latter to explain certain 
phenomena more simply explained, perhaps, by Maskelyne and 
Cooke. But although Lotze's conclusion in this matter is 
sound, and one with which Helmholtz might have agreed, his 
ailments, to my mind, are irrelevant and unconvincing* 
Theit) is this difference, he says, between us and the Sphere* 
landers: the latter wore logically forced to a new dimension, 
and found it possible ; we are not forced to it, and find it, in 
our space, impossible. I have contended that, on the contniry, 
nothing would force the Spherelanders to assume a third dimen- 
sion, while they would find it impossible exactly as we find a 
fourth impossible — ^not logically, that is to say, but only as 
a presentable construction in given space. 

A.fter a somewhat elephantine piece of humour, about 
socialistic whales in a four-dimensi<»ial sea of Fourrier^s eau 
8ucr/s, Lotze proceeds to a proof, by logic, that every form of 
intuition, which embraces the whole system of ordered relations 
of a coexisting manifold, must have three dimensicms. One 
might object, on d priori grounds, to any such attempt: 
what belongs to pure intuition could hardly, one would have 

di0 Tierto Dimension nioht blow ein« AbJindenuig von VorhMidaMin, 
etwas foUkommen Nenet wiira, to befinden wir mu idioB wtgm 
ktfrperiiohen OrgMiiMtion in der abiolaten Unmflglklik«it» ana tint Aa* 
MhMimgiweiM einar yhuUn Dimanrion fonaataUfln.** 
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thought, be determined by A priori reammingK I will not, 
however, develop this aigument here, but endeavour to point 
out, as fiur as its obscurity will allow, the particular &llaqy of 
the proof in question. 

Lotse's aigument is as follows. In this discussion, though 
our terminol<^ is necessarily taken from space, we are really 
oonoemed with a much more general conception* We assume, 
in order to preserve the homogeneity of dimensions, that the 
difference (distance) between any two elements (points) of our 
inamfi)ld— to borrow Uemann's word — ^is of the same kind as, 
and commensurable with, the difference between any other 
two elements. Let us take a series of elements at successive 
distances m such that the distance between any two is the sum 
of the distances between intermediate elements. Such a series 
oocresponds to a straight line, which is taken as the d^-axis. 
Then a series OT is called perpendicular to the 4^axis OX, 




when the distances of any element y, on OK, frt)m -^nm and 
— fiur are equal By our hypothesis, these distances are com- 
parable with, and qualitatively similar to, x and y. So long 
as OT is defined only by relation to OX, it is conceptually 
unique. But now let us suppose the same relation as that 
between OX and 07, to be possible between OY and a new 
aeries OZ; we then get a third series OJET, perpendicular to OF, 
'•nd again ccmceptually unique, so long as it is defined by 
relation to OY alone. We might proceed, in the same way, 
to a fimrth line OU perpendicular to OZ. But it is necessary. 
Cor our purposes, that OZ should bo perpendicular to OX as 
well as OY. Without this condition, OZ might extend into 
> Ot GftMBMUUi, Awdthntimdiim voa 1S44, Snd Bditkm, p. niii. 
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another world, and have no corresponding relation to OX — this 
is a possibility only excladod by our unavoidable spatial images. 
At this point comes the crux of the aigument Thai OZ, says 
Lotxe, which, besides being perpendicular to 0F» is also perpen* 
dicular to OX, must be among the series of OF*s, for these 
were defined only by perpendicularity to OX. Henee, he con- 
cludes, there can only be even a third dimension if OZ coincides 
with one, and — as soon as OX is considered fixed — ^with only 
one, of the many members of the OY series. 

In this argument it is difficult — to me at any rate— to see 
any force at alL The only way I can account for it is, to 
suppose that Lotxo has neglected the possibility of any but 
single infinitie& On this interpretation, the aigument might 
be stated thus: There is an infinite series of continuously 
varying OT*b ; to the common property of these, we add another 
property, which will divide their total number by infinity. The 
remaining OZ, therefore, must be uniquely determined. The 
same form of aigument, however, would prove that two surfiices 
can only cut one another in a single point, and numberless 
other absuixiitios. The fact is, that infinities may be of different 
orders. For example, the number of points in a line may be 
taken as a single infinity, and so may the number of lines 
in a plane through any point; hence, by multiplication, the 
number of points in a plane is a double infinity, oo \ and if we 
divide this number by a single infinity, we get still on infinite 
number left. Thus Lotze's aigument assumes what he has 
to prove, that the number of lines perpendicuhir to a given 
line, through any point, is a single infinity, which is equivalent 
to the axiom of three dimensions. The whole passage is so 
obscure, that its meaning may have escaped me. It is obrious 
d priori, however, as I pointed out in the beginning, that any- 
proof of the axiom must be fallacious somewhere, and the above 
interpretation of the argument is the only one I have been 
able to find. 

96. The rest of the Chapter is devoted to an attack on 
spherical and pseudo-spherical space, on the ground that the/ 
interfere with the homogeneity of the three dimensions, and 
with the similarity of all parts of space. This is simply.fiibeu 
Such spaces, like the surfiice of a sphere, are exactly alike 
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tiiroiighont Lotse shows, here and elsewhere, that he has 
not taken the pains to find out what Hetageometry really is. 
I hold myself, and have tried to prove in this Essay, that 
) CoDgmeDoe is an d prion axiom, without which Geometry 
woold be impossible; but the wish to uphold this axiom is, 
as Lotie ought to have known, the precise motive which led 
Hetageometry to limit itself to spaces of constant measure 
of curvature. We see here the importance of distinguishing 
between Helmholts the philosopher and Helmholtz the mathe- 
matician. Though the philosopher wished to dispense with 
Congruence, the mathematician, as we saw in Chapter I., 
retained and strongly emphasized it. A little later Lotze 
shows, again, how he has been misled by the unfortunate 
analogy of Sphereland. A spherical 8urfiio$t he says, he can 
understand; but how are we to pass from this to a spherical 
space? Either this surfiuM is the whole of our space, as in 
Sphereland, or it generates space by a gradually growing radius. 
Such ccmcentric spheres, as Lotze triumphantly points out, of 
course generate Euclidean space. His disjunction, however, is 
utterly and entirely &lse, and could never have been suggested 
bj any one with even a superficial knowledge of Hetageometry, 
This point is less laboured than the former, which, in all its 
nakedness, is thus renstated in the last sentence of the Chapter: 
"I cannot persuade myself that one could, without the elements 
of homogeneous space, even form or define the presentation of 
heterc^geneous spaces, or of such as had variable measures of 
curvature." As though such spaces were ever set up by non- 
Eudidean mathematics I 

In conclusion, Lotze expresses a hope that Philosophy, on 
this point, will not allow itself to be imposed upon by Hathe- 
matics. I must, instead, rejoice that Hathematics has not been 
imposed upon by Philosophy, but has developed fireely an 
important and self-consistent system, which deserveSi for its 
subtle analysis into logical and fiictual elements, the gratitude 
of aU who seek for a philosophy of space. 

96i The objections to non-Euclidean Qeometiy which have 
just been discussed &11 under four heads: 

L Non-Euclidean spaces are not homogeneous; Heta- 
geomefeqr therefore unduly reifies space. 
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IL They inyolve a reference to a fourth dimension. 

m. They cannot be set up without an implicit reference 
to Euclidean space, or to the Euclidean straight line» on which 
they are therefore dependent. 

lY. They are self-contradictoiy in one or more ways. 

The reader who has followed me in regarding these four objec- 
tions as &Uacious, will have no difficulty in disposing of any other 
critic of Metageometry, as these are the only mathematical 
aiguments, so far as I know, ever urged against non-Euclideans'. 
The logical validity of Metageometry, and the mathematical 
possibility of three-dimensional non-Euclidean spaces, will there- 
fore be regarded, throughout the remainder of the wotk, as 
sufficiently established. 

97. Two other objections may, indeed, be uiged against 
Metageometry, but these are rather of a philosophical than of 
a* strictly mathematical import. The first of these, which has 
been made the base of operations by Delboduf, applies equally 
to all non-Euclidean spacea The second, which has not, so fiur 
as I know, been much employed, but yet seems to me deserving 
of notice, bears directly against spaces of positive curvature 
alone ; but if it could discredit these, it might throw doubt on 
the method by which all alike are obtained. The two objections 
are: 

I. Space must be such as to allow of similarity, is: of the 
increase or diminution, in a constant ratio, of all the lines in a 
figure, without change of angles ; whereas in non-Euclid, lines^ 
like angles, have absolute magnitude. 

II. Space must be infinite, whereas spherical and elliptic 
spaces are finite. 

I will discuss the first objection in connection with DelboeuTB 
articles referred to above. The second, which has not, to my 
knowledge, been widely used in criticism, will be better defisrred 
to Chapter iii. 



* 860 MpeeUlly SteUo^ Oonoeptf of If odmi Ihjdo§, Xntflmsllonsl 

V6L ZLn. Ohftpi. xm. and xir.; BeiioaTi«r, **Philoioplil« da la il|^ aa 
da eompai," Annte FhilaiophiqiM, n.; DalbcBuf, **L'anaiaBBa at ka mtnnOmm 
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9& IL DelboBurs four articles in the Bevue Philoeopluqae 
contain much matter that has already been dealt witii in the 
criticism of Lotse, and much that is irrelevant for our present 
purpose. The only point, which I wish to discuss hero, is the 
question of absolute magnitude, as it is called — ^the question, 
that is, whether the possibility of simihur but unequal geometri- 
cal figures can be known ApriariK 

In discussing this question, it is important, to b^gin with, to 
distinguish clearly the sense in which absolute magnitude i$ 
required in non-Euclidean Qeometry, from another sense, in 
which it would be absurd to regard any magnitude as absolute. 
^1 Judgments of magnitude can only result from comparison, and 
{ if Metageometry required magnitudes which could be deter- 
mined without comparison, it would certainly deserve condom- 
nntion. But this is not required. All we require is, that it 
shall be impossible, while the rest of space is unaffected, to alter 
the magnitude of any figure, as compared with other figures, 
while leaving the relative internal magnitudes of its parts 
unchanged This construction, which is possible in Euclid, is 
impossible in Metageometry. We have to discuss whether such 
an impossibility renders non-Euclidean spaces logically faulty. 

IL Delbosufs position on this axiom — which he calls the 
postukte of homogeneity' — is, that all Geometry must presup- 
pose it, and that Hetageometiy, consequently, though logically 
sound, is logically subsequent to Euclid, and can only make its 
constructions within a Euclidean ''homogeneous" space (Rev. 
FhiL Vol xxxvii., pp. 380-1). He would appear to think, 
nevertheless, that homogeneity (in his sense) is learnt from 
experience, though on this point he is not very explicit (See 
Vol XXXYIIL, p. 129.) No d priori proof, at any rate, is offered 

^4^^< > IC. Mboaf diMmf oradil for hiring UMd Bodid, alreadjr in 1S60, in 
^^.^r^^ ' lili «« PMUeomABM PhUoMpUqiiM de U GMomAtri^^" on tUi aiiom-otrteinly 
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in his articles. As a result of experience, eveiy one would 
admit, similarity is known to be possible within the limits of 
observation; but the bat that this possibility extends to 
Ordnance maps, which deal with a spherical snrfiMse, should 
make us chary of inferring, from such a datum, the certainty 
of Euclid for large spaces. Moreover if homogeneity be empiri- 
cal, Motogeometry, which dispenses with it» is not necessarily 
in logical dependence upon Euclid, since homi^geneity and 
isogeneity are logicoMy separable. I shall assume^ therefore, 
as the only contention which can be interesting to our aiga* 
ment, that homogeneity is regarded as d priori, and as logically 
essential to Qeometiy. 

99. Now we saw, in discussing Erdmann's views of the 
judgment of quantity, that in non-Euclidean space, as in 
Euclidean, a change of all spatial magnitudes, in the same 
ratio, would be no change at all ; the ratios of all magnitudes 
to the spaoe-constant would be unchanged, and the space- 
constant, as the ultimate standard of comparinxi, cannot, in 
any intelligible sense, be said to have any particular magnitude. 
The absolute magnitudes of Hetageometry, therefore, are absolute 
only as against any other particular magnitude, not as against 
other magnitudes in general. If this were not the case, the 
comparative nature of the judgment of magnitude would 
be contradicted, and metrical Metageometry would become 
absurd. But as it is, the difference from Euclid c(Mi8ists only 
in this: that in Metageometry we have, while in Euclid we 
have not, a standard of comparison involved in the nature 
of our space as a whole, which we call the space-constant. 
We have to discuss whether the assertion of such a standard 
involves an undue reification of space. 

I do not believe that this is the case. For an undue reifi- 
cation of space would only arise, if we were no longer able to 
regard position as wholly relative, and as geometrically definable 
only by departure from other positions. But the relativity of 
position, as we have abundantly seen, is preserved by all spaces 
of constant curvature — ^in all of these, positions can only be 
defined, geometrically, by relations to firesh positions^ This 
series of definitions may lead to an infinite regress^ but it may 

' For a fnU proof of this propodtkNi, Me Ohaii. m. 
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alflo, as in Bpherical space, fonn a vicioiui circle, and return 
again to the position from which it started. No reification of 
space, no independent existence of mere rektions, seems involved 
in sach a procedure. The whole of Metageometry, in short, is a 
proof that the relativity of position is compatible with absolute 
magnitude, in the only sense required by non-Euclidean spaces. 
We must conclude, therefore, that there is nothing incompatible, . 
in a denial of homogeneity (in Delboeufs sense), either with the 
rektional nature of space, or with the comparative nature of 
magnitude. This last A priori objection to Hetageometiy, there- 
fiire, cannot be maintained, and the issue must be decided on 
empirical grotmds alone. 

100. The foundations of Oeometiy have been the subject of 
much recent speculation in France, and this seems to demand 
some notica But in spite of the splendid work which the 
French have done on the allied question of number and 
continuous quantity, I cannot persuade myself that they have 
succeeded in greatly advancing the subject of geometrical 
philosophy. Hie chief writers have been, from the mathe- 
matical side, (kdinan and Poinoard, from the philosophical, 
Senouvier and DMcBuf; as a mediator between mathematics 
and philosophy, LechaUu, 

Califum, in an interesting article on the geometrical in- 
determinateness of the universe, maintains that any Geometry 
may be applied to the actual world by a suitable hypothesin as 
to the course of light-rays. For the earth only is known to us 
otherwise than by Optics, and the earth is an infinitesimal part 
of the universe. This lineofai^ment has been already discussed 
in connection with Lotse, but Calinon adds a new suggestion, 
that the space-constant may perhaps vary with the time. This 
would involve a causal connection between space and other 
things, which seems hardly conceivable, and which, if regarded as 
possible, must surely destroy Geometiy , since Oeometiy depends 
throughout on the irrelevance of Oausation^ Moreover, in 
all operations of measurement, some time is spent; unless 
we knew that space was unchanging throughout the opera- 
tion, it is hard to see how our results could be trustworthy, 
and how, consequently, a change in the parameter could be 

> 8m Chap, m., wpedsUy 1 1S8. 
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disooverecL The mme difficulties would arise, in fact, aa thoae 
which result from supposing space not honiogeneou& 

Poineari maintains that the question, whether Euclid or 
Metageometiy should be accepted, is one of convenience and 
convention, not of truth; axioms are definitiims in di^ise, and 
the choice between definitions is arbitrary. This view has been 
discussed in Chapter I., in connection with Gayle/s theoiy of 
distance, on which it dependa 

Leckalas is a philosophical disciple of Calinon. He is a 
rationalist of the pre-Kantian type, but a believer in the 
validity of Metageometry. He holds that Qeometiy can dis- 
pense with all purely spatial postulates, and work with axioms 
of magnitude alon^ *, which, in his opinion, are purely analytic. 
The principle of cbntradiction, to him, is the sole and only test 
of truth ; we make long chains of reasoning from our premisses 
to see if contradictions will emerge. It might be objected that 
this view, though it saves general Geometry from being logically 
empirical, leaves it only empirically logical ; this must, in fiict, 
be the fate of every piece of d priori knowledge, if M. Lechalas's 
were the only test of truth. However, he concludes that general 
Geometry is apodeictic, while the space of our actual world, like 
all other phenomena, is contingent. 

DeUxBuf criticizes non-Euclidean space from an ultra-realist 
standpoint: he holds that real space is neither homogeneous 
nor isogeneous, but that conceived space, as abstracted from real 
space, has both these properties. He offers no justification for 
his real space, which seems to be maintained in the spirit of 
nai've realism, nor does he show how he has acquired his intimate 
knowledge of its constitution*. His aiguments against Meta- 
geometry, in so fiir as they are not repetitions of Lotze, have 
been discussed above. 

Benowfier^ finally, is a pure Kantian, of the most <Hrthodox 
type. His views as to the importance, for Geometry, oS the 
distinction between synthetic and analytic judgments, have 



' For % critidm of tliit Tiew, we the above diMasBioiifl on Umi^w^h ^ad 
Ecdmaim. 

> Ct Coataval, ««Do rinflni Matii^iiMtiqiw^'' Ftoii, F«Ux Aleaa, ISM^ 
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been ducuflsed, in ooAnection with Kant, at the beginning of 

the present Chapter'. 

IQL Before beginning the eonatmetive aigument of the • 

next (Chapter, let ub endeaToor briefly to aam up the theoriea 

which have been polemically advocated throughout the critieisnui 
/ we have just concluded. We agreed to accept, with Kant, neoee- 
[ aity for any possible experience as the test of the A priori, but * 
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we refbfledy fir the prasent, to disenair the oomieciioii ct the 
d priori with the subjective, regarding the purely logical test 
as saffioient finr our immediate purpose. We also refused to 
attach' importance to the distinction of analytic and synthetic, 
since it seemed to apply, not to different judgments, but only to 
different aspects of any judgment 

We then discussed Riemann's attempt to identify the 
empirical element in Geometiy with the element not de- 
ducible fix>m idess of magnitude, and we decided that this 
identification was due to a confusion as to the nature of magni- 
tude. For judgments of magnitude, we said, require always / 
some qualitative basis, which is not quantitatively expressible. 

In criticizing Helmholts, we decided that Mechanics logically 
presupposes Oeometry, though space presupposes matter; but 
that the matter which space presupposes, and to which Qeometiy 
indirectly refers, is a more abstract matter than that of Mechanics^ 
a matter destitute of force and of causal attributes, and possessed 
only of the purely spatial attributes required for the possibility 
of spatial figures. But we conceded that Geometry, when ap[died 
to mixed mathematics or to daily life, demands more than this, 
demands, in &ct, some means of discovering, in the more ccmcrete 
matter of Mechanics, either a rigid body, or a body whose de- 
parture from rigidity follows some empirically discoveiable kw. 
AchuU measurement, therefore, we agreed to regard as em- 
pirical. 

Our conclusions, as regards the empiricism of Biemann and 
Helmholtz, were reinforced by a criticism of Erdmann. We then 
had an opposite task to perform, in defending Metageometiy 
against Lotze. Here we saw that there are two senses in which 
Metageometiy is possible. The first concerns our actual space, 
and asserts that it may have a very small space-constant; the 
second concerns philosophical theories of space, and asserts a 
purely logical possibility, which leaves the decision to experi- 
ence. We saw also that Lotze's mathematical strictures arose 
from insufficient knowledge of the subject, and could all be' 
refuted by a better acquaintance with Metageometiy. 

Finally, we discussed the question of absolute magnitude, t 
and found in it no logical obstacle to non-Euclidean qpaoesi 
Our conclusion, then, in so &r as we are as yet entitled to a 
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oonduflioii, is thtti all spaoes with a spaoe-oraiataiii are A priori 
justifiable^ and that the deeudon between them muBt be the 
woik of experience. Spaoee without a spaoe-constant, on 
the other hand, spaoee, tiiat ia, which are not hompgeneoua 
throngfaoat, we feond logically onaonnd and impoenble to know, 
and therefcre to be condemned d priori. The conatnictive 
proof of this thesb will form the aignment of the following 
eluqpter.' 



CHAPTER III. 
Section A. 

i 

THE AXIOM8 OF PBOJECTIVE OBOMETaT. 

102. PfiOJEonvB Qeotnetiy proper, as we saw in Chapter L, 
docs not employ the conception of magnitude, and does not^ 
therefore, require those axioms which, in the systems of the 
second or metrical period, were required solely to render possible 
the application of magnitude to space. But we saw, also, that 
Cayley's reduction of metrical to projective properties was 
purely technical and philosophically irrelevant. Now it is in 
metrical properties alone— apart from the exception to the 
axiom of the stiuight lino, which itself, however, presupposes 
metrical properties' — that non- Euclidean and Euclidean spaces 
differ. The properties dealt with by projective Geometry, 
theroforo, in* so fisir as these aro obtained without the use of 
imaginaries, are properties common to all spaces. Finally, the 
differences which appear between the Geometries of different 
spaces of the same curvature — €.g. between the Geometries d 
the plane and the cylinder — are differences in projective pro- 
perties'. Thus the necessity which arises, in metrical Geometry, 
for further qualifications besides those of constant curvature, 
disappears when our general space is defined by purely pro- 
jective properties. 

103. We have good ground for expecting, therefore, that 
the axioms of projective Geometry will be the simplest and 
most complete expression of the indispensable requisites' of 

1 See inflm, Axiom of Diitonoe, in Sm. b. of thii Ohnpter. 
' Thus on A eyliuder, two geodosloi, e*0» * geneimtor and a hoUx, uhmj havs 
tQjr nambor of inteneoUoni— a vwy imporUul differvnoo from Um plant. 
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any geometrical reasoning: and this expectation, I hope, will 
not be disappointed. Projective Geometiy, in so &r as it 
deajs only with the properties common to all spaces, will be 
found, if I am not mistaken, to be wholly A priori, to take 
nothing finom experience, and to have, like Arithmetic, a creature 
of the pure intellect for its object. If tins be so, it is that 
branch of pure mathematics which Ornssmann, in his AtimUtn^ 
ungsMire of 1844, felt to be possible, and endeavoared, in a 
brilliant fiulure, to construct without any appeal to the space of 
intuition. 

104. But unfortunately, the task of discovering the axioms 
of projective Geometry is far fiom easy. They have, as yet, 
found no Biemann or Helmholts to formulate them philo- 
sophically. Many geometers have constructed systems, which 
they intended to be, and which, with sufficient care in interpre- 
tation, really are, free from metrical presuppositiona But 
these presuppositions are so rooted in all the very elements 
of Geometry, that the task of eliminating them demands a 
reconstruction of the whole geometrical edifice. Thus Euclid, 
for example, deals, from the start, with spatial equality— ho 
employs the circle, which is necessarily defined by means of 
equality, and he bases all his later propositions on the con- 
gruence of triangles as discussed in Book I.' Before we can 
use any elementary proposition of Euclid, therefore, even if 
this expresses a projective property, we have to prove that the 
property in question can be deduced by projective methods. 
This has not, in general, been done by projective geometers, 
who have too often assumed, for example, that the quadrilateral 
construction — ^by which, as we saw in Chap. I., they introduce 
projective coordinates— or anharmonic ratio, which is primd 
facie metrical, could be satisfiictorily established on their prin- 
ciplea Both these assumptions, however, can be justified, and 
we may admit, therefore, that the claims of projective Geometry 
to logical independence of measurement or congruence are^ 
valid. Let us see, then, how it proceeds. 

lOB. In the first place, it is important to r^ise that 

1 Of. OnuMMt Pioj60ll?« OtouMtiy (Olanndoia PrsM, Ssd dU 1SS8) p. 00 1 
**1ImI of ilM propodlionf la BiieUd*t Btementi mm meteioal, mi4 it it nol Mqr 
lo find ssMBg Uism ta sismpis of a partly damiplivt Cheorani.** 
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when ooordinates are used, in projective Oeometry, they are 
not ooordinates in the ordinary metrical sense, ie. the numerical 
measures of certain spatial magnitudes. On the contraiy, they 
are a set of numbers, arbitrarily but systematically assigned 
to different points, like the numbers of houses in a street^ and | 
serving only, ftom a philosophical standpoint, as c(Avenient j 
designations for points which the investigation wishes to dis- I 
tinguish. But for the brevity of the alphabet, in bct^ they 
might, as in Euclid, be replaced by letters. How they are 
introduced, and what they mean, has been discussed in Chapter L 
Here we have only to repeat a caution, whose neglect has led 
to much misunderstanding. 

. 108. The distinction between various points, then, is not 
a result, but a condition, of the projective coordinate system* 
The coordinate system is a wholly extraneous, and merely con- 
venient, set of marks, which in no way touches the essence 
of projective Oeometiy. What we must begin with, in this 
domain, is the possibility of distinguishing various points fix>m 
one another. This may be designated, with Veronese, as- the 
first axiom of Geometry'. How we are to define a point, and 
how we distinguish it from other points, is for the moment 
irrelevant; for here we only wish to discover the nature of 
jHX>jective Geometry, and the kind of properties which it uses 
and demonstrates. How, and with what justification, it uses 
and demonstrates them, we will discuss later. 

107. Now it is obvious that a mere collection of points^ 
distinguished one from another, cannot found a Geometry: 
we must have some idea of the manner in which the points 
are interrelated, in order to have an adequate subject-matter 
for discussion. But since all ideas of quantity are excluded, 
the relations of points cannot be relations of distance in the 
ordinary sense, nor even, in the -sense of ordinary Geometry, 
anharmonic ratios, for anharmonic ratios are usually defined 
as the ratios of four distances, or of four sines» and are thus 
quantitative. But since all quantitative comparison presupposes 
an identity of quality, we may expect to find, in projective Geo- 
metry, the qualitative substmta of the metrical supentructure» 
And this, we shall see, is actually the case. We have not 

I Op. oii. p. 980. 
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distaaoe, bat we ham the straight line ; we have not quantitative 
aahaimonic mtio, but we ham the property, in any four points 
on a line, of being the intemectionii with the rayi of a given 
penoiL And from this basis, we can build up a qualitative 
science of abstraot externality, which is projective Qeometry. 
How this happens, I shall now proceed to show. 

108. All geometrical reasoning is, in the last resort^ cir- ^ 
cular: if we start by assuming points, they can only be defined 
by the lines cr planes which relate them; and if we start 
by assuming lines or planes, they can only be defined by the 
pomts through which they pass. This is an inevitable circle, 
whose ground of necessity will appear as we proceed It i^ 
therefore, somewhat arbitrary to start either with points or 
with lines, as the eminently projective principle of duality 
mathematically illustrates; nevertheless we will elect, with 
most geometers, to start with points\ We suppose, therefore, 
as our datum, a set of diMsrete points, for the moment without 
regard to their interconnections. But since connections are 
essential to any reasoning about them as a system, we intro- 
duce, to b^n with, the axiom of the straight Una Any two 
of our points, we say, lie on a line which those two points com- 
pletely define. This line, being determined by the two points, 
may be regarded as a relation of the two points, or an adjective 
of the system formed by both together. This is the only purely 
qualitSitive acyective— as will be proved later — of a system of 
two points. Now jMojective Geometry can only take account 
of qualitative acyectives, and can distinguish between different 
points only by their relations to other points, since all points, 
per M, are qualitatively similar. Hence it comes that, for 
projective Oeometiy, when two points only are given, they are 
qualitatively indistinguishable from any two other points on 
Uie same straight line, since any two such other points have 
the same qualitative relation. Reciprocally, since one straight 
line is a figure detennined by any two of its points, and all 
points are qualitatively similar, it follows that all straight lines 
are qualitatively similar. We may regard a point, therefore, 
as determined by two straight lines which meet in it^ and the 

> fhum gieeaA lor lUt sImIm wOl tfmt wImb w% soom to mttrieal 
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point, on this view, becomes the only quaUtative rolation 
between the two straight lines. Hence, if the point only be 
regarded as given, the two straight lines aro qualitatively 
indistinguishable from any other pair through the point 

109. The extension of those two reciprocal principles is 
the CHsonoe of all projective tronsfoimations, and indeed of all 
projective Geometry. The fundamental operations, by which 
figures are projectively transformed, are called projection and 
section. The various forms of projection and section are defined 
in Cremona's "Projective Geometry," Chapter L, fiiom which 
I quote the following account. 

" To prcjeU/ram a Jwed paint 8 (the cenire of pmgecUon) 
a figure (ABCD...abcd...) composed of points and straight linear 
IB to construct the straight lines or projecting rays 8Af SB, 8C, 
8D,,..and the planes (projecting planes) 8a, 8b, So, 8d,.... We 
thus obtain a new figure composed of straight lines and planes 
which all pass through the centre 8, 

" To cut by a fiaed plans c {transversal plaice) a figure (q/StS 
...a6cd...) made up of planes and stiuight lines, is to construct 
the stmight lines or traces aa, cfi^ay... and the points or traces 
aa, ab, ac ...K By this means we obtain a new figure composed 
of straight lines and points lying in the plane a. 

" To ptxject from a fixed straight Une s (the axis) a figure 
ABGD composed of points, is to construct the planes sA, sB, 
sC... The figure thus obtained is composed of planes which 
all pasH through the axis s. 

'* To cut by a fixed straight line s (a transversal) a figure 
«/9yfi... composed of planes, is to construct the points so, sfi, 
«7.... In this way a now figure is obtained, composed of points 
all lying on the fixed tiuusversol s, 

" If a figure is composed of straight lines. a, 6, c... which all 
pass through a fixed point or centre 8, it can be projected fimn 
a straight line or axis s passing through 8 ; the result is a figure 
composed of planes so, A, so.,., 

** If a figure is composed of stiuight lines a, b, c... all lying 
in a fixed plane, it may be cut by a stiuight line (tninsvmal) 

* The itndghi line #« denotM the stomighl Uns oommon to Um plaiiM # sad 
a, Am point #a denotes the point oommon to the plsne r and the ilimishi line 
a, end eimikrly for the net of the notatioi^ 
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« lying in the same plane ; the figure which results is formed 
by the points fo, «6, «o.../' 

llOl The sucoessive application, to any figure, of two 
reciprooal operations of projection and section, is regarded as 
producing a figure projectively indistinguishable from the fi»t, 
provided only that the dimensions of the original figure were 
the same as those of the resulting figure, that, for example, 
if the second operation be section by a plane, the original 
figure shall have been a plane figure. The figures obtained 
hook a given figure, by projection or section alone, are related 
to that figure by the principle of duality, of which we shall 
have to speak later on. 

I shall endeavour to show, in what follows, first, in what 
sense figures obtained fifom each other by projective trans- 
formation are qualitatively alike; secondly, what axioms, or 
adjectives of space, are involved in the principle of projective 
transformaticm ; and thirdly, that these adjectives must belong 
to any form of externality with more than one dimension, and 
are, therefore, A priori properties of any possible space. 

For the take of simplicity, I shall in general confine myself 
to two dimensions. In so doing, I shall introduce no important 
difference of principle, and shall greatly simplify the mathe- 
matics involved 

IIL The two mathematically fundamental things in pro- 
jective Qeometry are anharmonic ratio, and the quadrilateral 
construction. Everything else follows mathematically from 
these two. Now what is meant, in projective Geometry, by 
anharmonic ratio? 

If we start from anharmonic ratio as ordinarily defined, 
we are met by the difficulty of its quantitative nature^ But 
among the properties deduced firom this definition, many, if 
not most, are purely qualitative. The most fundamental of 
these is that, if through any four points in a straight line 
we draw four straight lines which meet in a point, and if we 
then draw a new straight Ime meeting these four, the four new 

* OvMBOBS (op. di Olisp. II. p. 50) dsAoM MiluunBOiilo ratio m a motriosl 
pioptrtj wliioh it naallOTid by projootion. Thla, liowoftr, dMlroyt the logieal 
JadtptadHMi of piojtotifi OmbmIij, wbleh om only btouUnteiaad b/a pnioljr 
tooriptifi aoSallioB. 
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poiiiiB of intenection have the same anharmonio imtio as the 
firar points we started with. Thus, in the figure, abed, aVifdC^ 
oTir^tr, all have the same anharmonio mtaa The redprooal 




relation holds for the anhai*monic ratio of four straight linesi 
Here we have, plainly, the required basis for a qualitative 
definition. The definition must be as follows: 

Two sets of four points each are defined as having the same 
anhannonio mtio, when (1) each set of four lies in one straight 
line, and (2) corresponding points of different sets lie two by two 
on four straight lines through a single point, or when both sets 
have this relation to any third set'. And reciprocally: Two sets 
of four straight lines are defined as having the same anharmonio 
ratio when (1) each set of four passes through a single pointy 
and (2) cdn^esponding lines of different sets pass, two by two^ 
through four points in one straight line, or when both sets have 
this relation to any thiixl set 

Two sets of points or of linos, which have the same anhar> 
nionic ratio, are treated by projective Geometry as equivalent: 
this qualitative equivalence replaces the quantitative eqiuJity 
of metrical Geometry, and is obviously included, by its defini- 
tion, in the above account of projective tninsformatioiis in 
general 

112. We have next to consider the quadrilateral eon- 



' Tben ii no Mnreq^nding propoij of lAme polnti on a.Uno, h w nn w Umst 
Mn be proJoetiTiiy taraaifonnod Into any other thioo points on tho wum Um^ 
BooflSO. 
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Mtraetion'. This has a double purpose: finrt, to defino the 
importaiit special case known as a harmonic range ; and secondly, 
to afford an unambiguous and exhaustive method of assigning 
different numbers to different pointa This last method has, 
again, a double purpose: firat, the purpose of giving a con- 
venient symbolism for describing and distinguishing different 
points^ aikl of thus affording a means for the introduction of* 
analysis; and secondly, of so assigning these numbers that, if 
they had the ordinary metrical significance, as distances firom 
some point on the numbered straight line, they would yield 
— 1 as the anharmonic ratio of a harmonic range, and that, 
if four points have the same anharmonic ratio as four others, 
80 have the corresponding numbers. This last purpose is due 
to purely technical motives: it avoids the confusion with our 
preconceptions which would result from any other value for 
. Ik harmonic range ; it allows us, when metrical interpretations 
of projective results are desired, to make these interpretations 
without tedious numerical transformations, and it enables us 
to perform projective transformations by algebraical methods. 
At the same time, from the strictly projective point of view, 
as observed above, the numbers introduced have a purely 
oonventional meaning; and until we pass to metrical Geometry, 
no reason can be shown for assigning the value — 1 to a har- 
monic range. With this preliminary, let us see in what the 
quadrilateral cimstruction c<»isists. 

• i 1- : . ? 

US. A harmonic range, in elementary Geometry, is one 
whose anharmonic ratio is —1, or one in which the three 
segments formed by the four points are in harmonic pro- 
gression, or again, one in which the ratio of the two internal 
segments is equal to the ratio of the two external segments. 
If o, 6, 0^ d be the four points, it is easily seen that these 
definitions are equivalent to one another: they give re* 
apootively : 

I Dm lo y. Btsndl*! ••Owmtlrlt te !««•.*' 
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But as they are all quantitative, they cannot be used for our 
present purpose. Nor are any definitions which involve bi- 
section of lines or angles available. We must have a definition 
which proceeds entirely by the help of straight lines and 
points, without measurement of distances or angles. , Now firom 
the above definitions of a harmonic range, we see that a^b, e, d 
have the same anharmonic ratio as c, 6, a, d This gives us 
the property we require for our definition. For it shows that, 
in a harmonic range, we can find a projective tranrformation 
which will interchange a and c This is a necessary and suf- 
ficient condition for a harmonic range, and the quadrilateral 
construction is the general method for giving effect to it 

Oiven any three points A, B, D in one straight line, the 
quadrilateral construction finds the point C harmonic to A 
with respect to J9, JD by the follo¥ring method : Take any point 
outside the straight line ABD^ and join it to £ and D* 
Through A draw any straight line cutting OD^ OB in P and Q. 



t 



• 



Join DQ, BPt and let them intersect in R, Join OR^ and let 
OR meet ABD in (7. Then C is the point required. 

To prove this, let DRQ meet OA in T, and draw AR^ 
meeting OD in A Then a projective transformation of il, £, C,D 
from i{ on to OD gives the points 8, P, 0, 2), which, projected 
firom il on to DQ, give J2, Q, 7, i>. But these again, projected 
from on to ABD, give 0, B, A, D. Hence A, £, (7, 2) can 
be projectively transformed into C, B, A, D, and therefoie 
form a harmonic range. From this point, the proof that the 
construction is unique and general follows simply*. 

> 8m OrtmoBs, op. «it Ohapttr vm. 
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The introduction of nnmbere, by this oonstruetiony offers 
no difficalties of principle — except, indeed, those which always 
attend the application of number to continua— end may be 
studied satisfiustorily in Klein's Nicht-Enklid (L p. 837 ffi). The 
principle of it is, to assign the numbers 0, 1, oo to A, J9, D and 
therefore the number 2 to C7, in order that the differences AB, 
AO, AD may be in harmonic progression. By taking B, C7, D as« 
a new triad corresponding to A, B, D, we find a point harmonic 
to B with respect to 0,D and assign to it the number 8, and so 
on. In this way, we can obtain any number of points, and 
we are sure of having no number and no point twice over, 
80 that our coordinates have the essential property of a unique 
correspondence with the points they denote, and vice vevM, 

114. The point of importance in the above construction, 
however, and the reason why I have reproduced it in detail, 
18 that it proceeds entirely by means of the general principles 
of transformation enunciated above. From this stage onwards, 
eveiything is effected by means of the two fundamental ideas 
we have just discussed, and everything, therefore, depends on 
our general principle of projective equivalence. This principle, 
as regards two dimensions, may be stated more simply than 
in the passage quoted from Cremona. It starts, in two 
dimensions, from the following definitions: 

To project the points A, B, 0, D... fix>m a centre 0, is to 
construct the straight lines OA, OB, 00, OD.,.. 

To cut a number of straight lines a, b, c, d. . • by a transversal 
#, is to construct the points sa» «6, sc, 9d...\ 

The successive application of these two operations, provided 
the original figure consisted of points on one. straight line or 
of straight lines through one point, gives a figure projectively 
indistinguishable fit>m the former figure; and hence, by ex- 
tension, if any points in one straight line in the original figure 
lie in one straight line in the derived figure, and reciprocally 
for straight lines through points, the two operations have 
given projectively similar figures. This general principle may 
be regarded as cansisting of two parts, according to the order 
of the operations : if we b^gin with projection and end with 

> Tht tonr mwrn d im cMiiitloiia, for the two^dimrniriimsl msnlfold of Uqm 
limish a poiali follow bj Ibo fciiMlplo of dnsUtj. 
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seetion, we transform a figure of points into another figure of 
points; by the converse order, we transform a figure of lines 
into another figure of linesi 

115. Before we can be clear as to the meaning of our 
principle, we must have some notion as to our definition of 
points and straight lines. But this definition, in projective 
Oeometiy, cannot be given without some discussion of the 
principle of duality, the mathematical form of the philosophical 
circle involved in geometrical definitions. 

Coafining ounielves for the moment to two dimensions, 
the principle asserts, roughly speaking, that any theorem, 
dealing with lines through a point and points on a line, remains 
true if these two terms, wherever they occur, are interchanged. 
Thus : two points lie on one straight line which they completely 
determine; and two straight lines meet in one point, which 
they completely determine. The four points of intersection of 
a transversal with four lines through a point have an an- 
harmonic ratio independent of the particular transversal; and 
the four lines joining four points on one straight line to a 
fifth point have an anharmonic ratio independent of that fifth 
point So also our general principle of projective transforma- 
tion has two sides : one in which points move along fixed lines^ 
and one in which lines turn about fixed points. 

This duality suggests that any definition of points must 
be effected by means of the straight line, and any definition 
of the straight line must be effected by means of points. When 
we take the third dimension into account, it is true, the duality 
is no longer so simple ; we have now to take account also of 
the plane, but this only introduces a circle of three terms, 
which is scarcely preferable to a circle of two terms. We now 
say: Three points, or a line and a point, determine a plane: 
but conversely, three planes, or a line and plane, determine 
a point We may regard the straight line as a relation between 
two of its points, but we may also regard the point as a relation 
between two straight lines through it We may regard the 
plane as a relation between three points, or between a point 
and a line, but we may also regard the point as a relatioik 
between three planes, or between a line and a plane, whiek 
meet in it 



\ 
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p 116. How are we to got outside this oirde? The &ct 

IB that, in pare Oeometiy, wo oanuot get outndo it. For spaoe, 
as we shall see more fully hereafter, is nothing but relations ; 
if, therefore, we take any spatial figure, and seek for the terms 
between which it is a relation, we are compelled, in Geometry, 
to seek these terms within space, since we have nowhere else 
* to seek them, but we are doomed, since anything purely spatial 

is a mere rektion, to find our terms melting away as we grasp 
them. 

Thus the relativity of space, while it is the essence of the 
principle of duality, at the same time renders impossible the 
expression of that principle, or of any other principle of pure 
Geometry, in a manner which shall be firee from contradictions. 
I Nevertheless, if we are to advance at all with our analysis of 

geometrical reasoning and with our definitions of lines and 
points, we must, for a while, ignore this contradiction ; we 
must argue as though it did not exists so as to free our science 
from any contradictions which are not inevitable. 

117. In accordance with this procedure, then, let us define 

' our points as the terms of spatial relations, regarding whatever 

is not a point as a relation between points. What, on this 

view, must our points be taken to be ? Obviously, if extension 

is mere relativity, they must be taken to contain no extension ; 

but if they are to supply the terms for spatial relations, %,g. 

for straight lines, these relations must exhibit them as the 

terms of the figures they relate. In other words, since what 

can really be taken, without contradiction, as the term of 

- a spatial relation, is unextended, we must take, as the term 

to be used in Geometry, where we cannot go outside space, 

the least spatial thing which Geometry can deal with, the 

thing which, though in space, cofitotfw no space; and this 

J . thing we define as the points 

\ Neglecting, then, the fundamental contradiction in this 

definition, the rest of our definitions follow without difficulty. 

> It it fanportant to obMrra that this definition of the Point intzodnoes 
motrioel idoM. Without metrioal idoM, we mw, nothing appean to give the 
Point praoedenee of the etnlght line, or indeed to distingoiih it eoneeptnaUy 
fkom the etnlght line. A referenoe to qnentitj ia therefoie ineriUUe hi 
defining the Point, if the definition ie to be geometrioal. ▲ non-metrical 
aefinition. fPooM have to be alao non-geometrioaL See Ohap. tr. ff 196-199. 
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The Btroight line ib the relation between two points, and the 
plane is the relation between three. These definitions will be 
aigued and defended at length in section B of this Chapter\ 
where we can discuss at the same time the altematiye 
metrical definitions; for our present purpose, it is suflbsient 
to observe that projective Qeometry, from the first, regards 
the straight line as determined by two points, and the plane 
as determined by three, from which it follows, if we take points 
as possible terms for spatial relations, that the straight line 
and the plane may be regarded as relations between two and 
three points respectively. If we agree on these definitioDS, 
we can proceed to discuss the fundamental principle of pro- 
jective Geometry, and to analyse the axioms implicated in 
its truth. 

118. Projective Qeometry, we have seen, does not deal 
with quantity, and therefore recognizes no difference where 
the difference is purely quantitative. Now quantitative com- 
parison depends on a recognized identity of quality ; the recog- 
nition of qualitative identity, therefore, is logically prior to 
quantity, and presupposed by every judgment of qiumtity. 
Hence all figures, whose differences can be exhaustively de- 
scribed by quantity, %,e. by pure measurement, must have an 
identity of quality, and this must be recognizable without 
appeal to quantity. It follows that, by defining the word 
quality in geometrical matters, we Shall discover what sets 
of figures are projectively indiscernible. If our definition is 
correct, it ought to yield the general projective principle with 
which we set out. 

119. We agreed to regard points as the terms of spatial 
relations, and we agreed that different points could be dis- 
tinguished. But we postponed the discussion of the conditions 
under which this distinction could be effected. This discussion 
will yield us the definition of quality and the proof of our 
general projective principle. 

Points, to begin with, have been defined as nothing but 
the terms for spatial relationa They have, therefore, no in- 
trinsic properties; but are distinguished solely by means of 
their relations. Now the relation between two points^ we said, 

1 fi 168-175. 

B. o. 9 
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18 the straight line on which they lie. This gives that identity 
of quality for all pairs of points on the same straight line, 
which is required both by our projective principle and by 
metrical Geometry. (For only where there is identity of 
quality can quantity be properly applied.) If only two points 
are given, they cannot, without the use of quantity, be dis- 
tinguished from any two other points on the same straight 
line ; for the qualitative relation between any two such points 
is the same as for the original pair, and only by a difference 
of relation can points be distinguished frx>m one another. 

But conversely, one straight line is nothing but the relation 
between two of its points, and all points are qualitatively alike. 
Hence there can be nothing to distinguish one straight line 
from another except the points through which it passes, and 
these are distinguished from other points only by the hc% that 
it passes through them. Thus we get the reciprocal trans- 
formation : if we are given only one point, any pair of straight 
lines through that point is qualitatively indistinguishable from 
any other. This again is, on the one hand, the basis of the 
second part of our general projective principle, and on the 
other hand the condition of applying quantity, in the measure- 
ment of angles, to the departure of two intersecting straight 



120. We can now see the reason for what may have 
hitherto seemed a somewhat arbitrary foct, namely, the neces- 
sity of /our collinear points for anharmonic ratio. Recurring 
to the quadrilateral construction and the consequent intro- 
duction of number, we see that anharmonic ratio is an intrinsic 
projective relation of four collinear points or concurrent straight 
lines, such that given three terms and the relation, the fourth 
term can be uniquely determined by projective methods. Now 
consider first a pair of points. Since all straight lines are 
projectively equivalent, the relation between one pair of points 
is precisely equivalent to that between another pair. Oiven 
one point only, therefore, no projective relation, to any second 
point, can be assigned, which shall in any way limit our choice 
of the second point. Oiven two points, however, there is such 
a relation — the third point may be given collinear with the 
first twOi This limits its position to one straight line, but 
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mnoe two points determine nothing but one straight line, the 
third point cannot be farther limited. Thus we see why no 
intrinsic projective relation can be found between three points^ 
which shall enable us» from two, uniquely to determine the third. 
With three given oollinear points, however, we have more 
given than a mere straight line, and the quadrilateral oon- 
struction enables us uniquely to determine any number of 
fresh collinear points. This shows why anhannonie ratio 
must be a relation between four points, rather than between 
three. 

121. We can now prove, I think, that two figures, which 
are projectively related, are qualitatively similar. Let us begin 
with A collection of points on a straight line. So long as these 
are considered without reference to other points or figures, they 
are all qualitatively similar. They can be distinguished by 
immediate intuition, but when we endeavour, without quantity, 
to distinguish them conceptually, we find the task impossible, 
since the only qualitative relation of any two of them, the 
straight line, is the same for any other two. But now let us 
choose, at hap-hazard, some point outside the straight line. 
The points of our line now acquire new adjectives, namely their 
relations to the new point, f.s. the straight lines joining them 
to this new point. But these straight lines, reciprocally, alone 
define our external point, and all straight lines are qualita- 
tively similar. If we take some other external point, therefore, 
and join it to the same points of our original straight line, we 
obtain a figure in which, so long as quantity is excluded, there 
is no conceptual difference from the former figure. Immediate 
intuition can distinguish the two figures, but qualitative dis- 
crimination cannot do so. Thus we obtain a projective trans- 
formation of four lines into four other lines, as giving a figure 
qualitatively indistinguishable horn the original figure. A 
similar aigument applies to the other projective transforma- 
tions. Thus the only reason, within projective Geometry, for 
not regarding projective figures as actually identical, is the 
intuitive perception of difference of position. This is fonda- 
mental, and must be accepted as a datum. It is presupposed 
in the distinction of various points, and forms the very life of 
Qeometry. It is, in feet, the essence, of the notion of a form of 

9— S 
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^ eztenialivy, which notion forms the subject-matter of projective 

I Geometiy. 

. 122. We may now sum up the results of our analysis of 
projectiTe Oeometiy, and state the axioms on which its reason- 
ing is based We shall then have to prove that these axioms 
i are necessary to any form of externality, with which we shall 

pass, from mere analysis, to a transcendental argument 
I The axioms which have been assumed w the above analysis, 

and which, it would seem, suffice to found projective Qeometry, 
f may be roughly stated as follows : 

\ L We can distinguish different parts of space, but all parts 

i| t 90^ qualitatively simihir, and are distinguished only by the 

' ^ immediate fact that they lio outside one another. 

: ^ !!• Space is continuous and infinitely divisible ; the result 

I* 4. ^f infinite division, the sero of extension, is called a point \ 

!! ^ in. Any two points determine a unique figure, called a 

^ straight line, any three in general determine a unique figure, 

i ^ the plane. Any four determine a corresponding figure of throe 

^ dimensions, and for aught that appears to the contrary, the 

* same may be true of any number of points. But this process 

{ comes to an 6nd, sooner or later, with some number of points 

I which determine the whole of space. For if this were not the 

case, no number of relations of a point to a collection of given 
points could ever determine its relation to fresh points, and 
Geometry would become impossible*. 

This statement of the axioms is not intended to have any 
exclusive precision : other statements equally valid could easily 
be made. For all these axioms, as we shall see hereafter, are 
philosophically interdependent, and may, therefore, be enun- 
ciated in many ways. The above statement, however, includes, 
if I am not mistaken, everything essential to projective 
Geometry, and eveiything required to prove the principle of 
projective transformation. Before discussing the apriority of 
these axioms, let us once more briefly recapitulate the ends 
which they are intended to attain. 

12& From the exclusively mathematical standpoint, as we 

* On this siioiii, hoipww, eomiwrt 1 181. 

* For Hh^ ptooi of Ihli proposMon, we Obsp. m. Bee. b, Ailom of 
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have seen, projective Oeometiy discusses only what figures can 
be obtained from each other by projective transformations, ie. . 
by the operati<His of projection and section. These operations^ 
in ail their forms, presuppose the point, straight line, and 
plane', whose necessity for projective Qeometry, from the purely 
mathematical point of view, is thus self-evident from the start 
But philosophically, projective Geometry has, as we saw, a 
wider aim. This wider aim, which gives, to the investigation 
of projoctivoly equivalent figures, its chief importance, consists 
in the determination of qualitative spatial similarity, in the 
determination, that is, of all the figures which, when any one 
figure is given, can be distinguished from the given figure, so 
long AH quantity is excluded, only by the mere fiMst that they 
are external to it. 

124. Now when we consider what is involved in such 
absolute qualitative equivalence, we find at once, as its most 
obvious prerequisite, the perfect homogeneity of space. For it 
is assumed that a figuro can be completely defined by its | 
internal relations, and that the external relations, which con- * 
stitute its position, though they suffice to distinguish it from 
other figures, in no way affect its internal properties, which are 
regarded as qualitatively identical with those of figures with 
quite different external relations. If this were not the case, 
anything analogous to projective transformation would be im- 
possible. For such transformation always alters the position, 
t.0. the external relations, of a figure, and could not, therefore, 
if figures were dependent on their relations to other figures or 
to empty space, be studied without reference to other figures^ 
or to the absolute position of the original figure. We require 
for our principle, in short, what may be called the mutual 
passivity and reciprocal independence of two parts or figures d 

This passivity and this independence involve the homo* 
geneity of space, or its equivalent, the relativity of position. 

' The ■traight line and plane, in aU diaeiimiona of genflfal Gaomatiy, an aot 
neoestariljr Eoelidean. Th^ an simplj figuni deienniiied, in geneial, by two 
and I7 thne points napeotifely ; whatiMr Ihoy oonfonn to tho axiom of panUola 
and to Baolid*t form of tlio axiom of tho atnisht lino, is noi to bo 
tho gonnal deOnitioa. 
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For if the internal properties of a figure are the same, what- 
ever its external relations may be, it follows that all parts of 
space are qoalitatiyely similar, since a change of external 
relation is a change in the part of space occupied It follows, 
also, that all position is relative and extrinsic, ie,, that the 
position of a point, or the part of space occupied by a figure, 
is not, and has no effect upon, any intrinsic property of the ' 
point or figure, but is exclusively a relation to other points 
or figures in space, and remains without effect except where 
such relations are considered. 

125. The homogeneity of space and the relativity of 
position, therefore, are presupposed in the qualitative spatial 
comparison with which projective Qeometry deals. The latter, 
as we saw, is also the basis of the principle of duality. But 
these properties, as I shall now endeavour to prove, belong of 
necessity to any form of externality, and are thus d priori 
properties of all possible spaces. To prove this, however, we 
must first define the notion of a form of externality in general. 

Let us observe, to begin with, that the distinction between 
\ Euclidean and non-Euclidean Qeometries, so important in me- 
trical investigations, disappears in projective Qeometry proper. 
This suggests that projective Qeometry, though originally 
invented as the science of Euclidean space, and subsequently of 
non-Euclidean spaces also, deals really with a wider conception, 
a conception which includes both, and neglects the attributes 
, in which they differ. This conception I shall speak of as a 
form of eitemality. 

126. In Qrassmann's profound philosophical introduction 
to his AutdehnungsUhre of 1844, he suggested that Qeometry, 
though improperly regarded as pure, was really a branch of 
applied mathematics, since it dealt with a subject-matter not 
created, like number, by the intellect, but given to it, and there- 
fore not wholly subject to its laws alone. But it must be possible 
— BO he contended — to construct a branch of pure mathematics, 
a science, that is, in which our object should be wholly a creature 
of the intellect, which should yet deal, as Qeometry does, with 
extension— extension as conceived, however, not as empirically 
perceived in sensation or intuition. 

From this point of view, the controversy between Kantians 
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and anti-Ka&tians becomes wholly irrelevant, since the distinc- 
tion between pure and mixed mathematics does not lie in the 
distinction between the subjectire and the objective, but 
between the purely intellectual on the one hand, and everything^ 
else on the other. Now Kant had contended, with great em- 
phasis, that space was not an intellectual construction, but a 
subjective intuition. Geometry, therefore, with Grassmann's 
distinction, belongs to mixed mathematics as much on Kant's 
view as on that of his opponents. And Grassmann's distincti<m, 
I contend, is the more important for Epistemology, and the one 
to be adopted in distinguishing the d priori from the empiricaL 
For what is merely intuitional can change, without upsetting^ 
the laws of thought, without making knowledge formally im- 
possible : but what is purely intellectual cannot change, unless 
the laws of thought should change, and all our knowledge 
simultaneously collapse. I shall therefore follow Grassmann's 
distinction in constructing an d priori and purely conceptual 
form of externality. 

127. The pure doctrine of extension, as ccmstructed by 
Grassmann, need not be discussed — it included much empirical 
material, and was philosophically a fiiilure. But his principles^ 
I think, will enable us to prove that projective Geometry, 
abstractly interpreted, is the science which he foresaw, and 
deals with a matter which can be constructed by the pure \ 
intellect alone. If this be so, however, it must be observed 
that projective Geometry, for the, moment, is rendered purely 
hypothetical'. All necessary truth, as Bradley has shown, is 
hjrpothetical ', and asserts, primd facie, only the ground oa 
which rests the necessary connection of premisses and con- 
clusion. If we construct a mere conception of externality, and 
thus abandon our actually given space, the result of our con- 
struction, until we return to something actually given, remains 
without existential import — if there be experienced externality^ 
it asserts, then there must be a form of externality with sudi 
and such properties. That there must be experienced exter- 
nality, Kant's first aigument about space proves^ I think; to 

' That piojeetifB Geonwtcy most haT« •xiftential import^ I duiU sttwapl t» 
prove in Chapter IT. 

* Logic, Book I. Chapter n. 
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those who admit experience of a worid of diverse but inter- 
related things. But this is a question which belongs to the 
next Chapter. 

What we have to do here ib, not to discuss whether there is 
a form of externality, but whether, if there be such a form, it 
must possess the properties embodied in the axioms of pro- 
jective Geometfy. Now first of all, what do we mean by such 
a form? 

128. In any world in which perception presents us with 
various things, with discriminated and differentiated contents, 
there must be, in perception, at least one " principle of differen- 
tiation V' an element, that is, by which the things presented are 
distinguished as various. This element, taken in isolation, and 
abstracted from the content which it differentiates, we may call 
a form of externality. That it must, when taken in isolation, 
appear as a form, and not as a mere diversity of material 
content, is, I think, iairly obvious. For a diversity of material 
content cannot be studied apart from that material content; 
what we wish to study here, on the contraxy, is the bare 
possibility of such diversity, which forms the residuum, as I 
shall try to prove hereafter', when we abstract from any sense- 
perception all that is distinctive of its particular matter. This 
possibility, then, this principle of bare diversity, is our form of 
externality. How far it is necessary to assume such a form, as 
distinct from interrelated things, I shall consider later on*. 
For the present, since space, as dealt with by Geometry, is 
certainly a form of this kind, we have only to ask: What 
properties must such a form, when studied in abstraction, 
necessarily possess? 

129. In the first place, externality is an essentially relative 
conception — nothing can be external to itsel£ To be external 
to something is to be another with some relation to that thing. 
Hence, when we abstract a form of externality from all material 
content, and study it in isolation, position will appear, of . 

> Ot Aradlqr*! Logis, p. 6S. It wUl be Men thst the tenM in whkh I hsT« 
qpokenof ipseeaeepriiieipleof diffeientietioiiieiiottlieeeBieof a *'priiieiple 
of MifMaslioa*' whioh Bndkj o^eote to. 

• Oktkp. tv. H iss-m. 

•GlM^iv.|tO10. 
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neoeflrity, aa purely relative— a positioii can have no intrinsio / 
quality, for our form conaiata of pure externality, and externality 
oontaina no shadow or trace of an intrinsic quality. Thus we 
obtain our fundamental postulate, the relativity of position, or, y 
as we may put it, the complete absence, on the part of our 
form, of any vestige of thinghood. 

The same aigument may also be stated as follows: If we 
abstract the conception of externality, and endeavour to deal 
with it /wr s$, it is evident that we must obtain an object alike ] 
destitute of elements and of totality. For we have abstracted 
from the diverse matter which filled our form, while any 
element, or any whole, would retain some of the qualities of a 
matter. Either an element or a whole, in fiict, would have to 
be a thing not external to itself, and would thus contain some- 
thing not pure externality. Hence arise infinite divisibility, 
with the self-contradictoiy notion of the point, in the search 
for elements, and unbounded extension, with the contradiction 
of an infinite regress or a vicious circle, in the search for a 
completed whole. Thus again, our form contains neither 
elements nor totality, but only endless relations — ^the terms of 
these relations being excluded by our abstraction fimn the 
matter which fills our form. 

ISO. In like manner we can deduce the homogeneity of 
our form. The diversity of content, which was possible only 
within the form of externality, has been abstracted bom, 
leaving nothing but the bare possibility of diversity, the bare 
principle of differentiation, itself uniform and undifferentiated. 
For if diversity presupposes such a form, the form cannoti 
unless it were contained in a firesh form, be itself diverse or 
differentiated. 

Or we may deduce the same property firom the relativity of 
position. For any quality in one position, by which it was 
marked out from another, would be necessarily more or less 
intrinsic, and would contradict the pure relativity. Hence all 
positions are qualitatively alike, i^ the form is homogeneous 
throughout 

18L From what has been said of homogeneity and rela- 
tivity, follows one of the strangest properties of a fonn of 
externality. This property is^ that the relation of externality'^ 



188 lOUrDATIOKS or QEOVITRT. 



between any two things in' mbuM[\\y\AA*ZLua^ chelation thus 
regarded^ consequec'! .^I^iade up.of an infinite nu9 we obtain 
would-be elements ^nur form, or again as.iit hav$ a finUe 
rektions of externality*. To speak of div' ^ w. «. 
lations may well sound abenrd-^indeed it -eveals the ih-^ked 
priety of the word relation in this oonnezion* It is diffici an 
however, to fiud an expression whieh shall be less improper-* 
The fiiot seems to be, that extomality is not so much a relation) 
as bare relativity, or tho bare possibility of a relation. On this 
subject, I shall enlaige in Chapter iv.' At this point it is 
only important to realixe, what the subsequent argument will 
assume, that the relation — ^if we may so call it— of externality 
between two or more things must, since our. form is homo- 
geneous, be capable of continuous alteration, and must, sincf^- 
our infinitely divisible form is constituted by suck isition, would 
capable of infinite division. But the result of ind. ''^•er and its 
is defined as the element of our form. (Our form has no 
elements, but we have to imagine elements in order to reason 
about it, as will be shown more folly in Chapter iv.) Hence 
it follows, that every relation of externality may be regarded, 
for scientific purposes, as an infinite congeries of elements, 
though philosophically, the relations alone are valid, and the 
elements are a self-contndictory result of hypostatizing the 
form of externality. This way of regarding relations of ex- 
ternality is important in understanding the meaning of such 
ideas as three or four coUinear points. 

As this point is difficult and important* I will repeat, in 
somewhat greater detail, the explanation of the manner in 
which straight lines and planes come to be regarded as congeries 
of points. From the strictly projective standpoint, though all 
other figures ar$ merely a collection of any required number of 
points* lines or phines, given by some projective construction, 
straight lines and phines themselves are given integrally, and 
are not to be oomddered as divisible or composed of parts. To 

1 II Is Importeal to otetrrt, howsfwr, that thit wij of NganUiig fpatial 
lilaliotti !■ mttrioal; from tho proJoetlTo itoiidpolat, Iho Nktion botfrooiitwo 
foiati lo Iho wliolo aaboaiidod ilraifljhl lino oo whkh Ihqr Uo, and noed ool bo 
MfaxM ai diflriUo iato parto or ao bnUl op of polnli. 

•||10T,IOa. Ot H^, V atarphllowphio, I SM. 
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wJiiTiT'iioV^n'T'^ftufaight line* means, for projective 
roper, that the straight -.^x*' !'a relation between 
i«er point. Here the ^ iiw.ts ooncemed, if oar 
feed from oontrodietions, must be regarded, 
may use sucL an expression, as real points — »a as un- 
^jnded material centres'. Straight lines and planes are then 
lations between theso material atoms. They are relations, 
(iowever, which may undoxgo a metrical alteration while re- 
maining projectirely unchanged. When the projective relation 
between the two points il, J9 is the same as that between the 
two points ii, 0, while the metrical relation (distance) is 
different, the three points A, B, are said to be coUinear. 
Now the metrical manner of regarding spatial figures demands 
should be hypostatized, and no longer regarded as 
^ For when we regard a quantity as extensive, 
le into parts, we necessarily regard it as more than 
a mere relation or adjective, since no mere relation or adjective 
can be divided. For quantitative treatment, therefore, spatial 
relations 'must be hypostatized*. When this is done, we obtain, 
as we saw above, a homogeneous and infinitely divisible form of 
externality. We find now that distance, for example, may be 
continuously altered without changing the straight line on 
which it is measured. We thus obtain, on the straight line in 
question, a continuous series of points, which, since it is 
continuous, wo regard as constituting our straight line. It is 
thus solely from the hypostatizing of relations, which metrical 
Qoometry requires, that the view of straight lines and planes 
as composed of points arises, and it is from this hypostatizing 
that the difiiculties of metrical Qeometry spring. 

182. The next step, in defining a form of externality, is 
obtained from the idea of dimeMume* Positions, we have seen* 
are defined solely by their relations to other positions. But in 
order that such definition may be possible, a finite number of 
relations must suffice, since infinite numbers are philosophieally 
inadmissible. A position must be definable, therefore, if know- 
ledge of our form is to bo possible at all, by some finite integral 

1 Bm COutp. IT. IS 196-liN». 

* Bm a forthooming mtUoIa on '* TIm rdatioiw of nnmlMr Sod qMatfty** %^ 
ilM pNMDt writer in JUimI, Jul/, 1S97. 
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I number of relatioiiB to other p^tioodr^Jiivery^x 
neoeflsaiy for definition we call a dimension. Hend 
the proposition : Any form 0/ esBUmality ny^'^ 
Hiieffral number 0/ dimeneiant. f^^^^'"^**'*-^ 

183. The above argument, it may be urged, has overloo. , 
a possibility. It has used a transoendental argument, bo\ I 
opponent may oontend, without suflSciently proving that kno^ 
ledge about externality must be possible without reference 
to the matters external to each other. The definition of a 
position may be impossible, so long as we neglect the matter 
which fills the form, but may become possible when this matter 
is taken into account Such an objection can, I think, be 
successfully met, by a reference to the passivity and homo- 
geneity of our form. For any dependence of the definition 
a position on the particular matter filling that 
involve some kind of interaction between the maw 
position, some effect of the diverse content on the homogeneous 
form. But since the form is totally destitute of thinghood, 

' perfectly impassive, and perfectly void of differences between its 
parts, any such effect is inconceivable. An effect on a position 
would have to alter it in some way, but how could it be altered ? 
It has no qualities except those which make it the position it 
is, as opposed to other positions; it cannot change, therefora, 
without becoming a different position. But such a change 
contradicts the law of identity. Hence it is not the position 
which has changed, but the content which has moved in the 
form. Thus it must be possible, if knowledge of our form can 
be obtained at all, to obtain this knowledge in logical indepen- 
dence of the particular matter which fills it The above 
argument, therefore, granted the possibility of knowledge in 
the department in question, shows the necessity of a finite 
integral number of dimensions. 

184. Let us repeat our original aigument in the light of 
this elucidation. A position is completely defined when, and 
only when, enough relations are known to enable us to deter- 
mine itsrdation to any fi!e8h known position. Only by relations 
within the form of externality, as we have just seen, and never 
by lelatiMis which invdve a reference to the particular matter 

the form, can such a definition be effected. But the 
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possibility of such a definition follows from the Law of Excluded 
Middle, when this law is interpreted to mean, as Boeanquet 
makes it mean, that "Beality...is a system of reciprocally 
determinate parts^'' For this implies that, given the relations 
of a part A to other parts J?, 0..., a suflScient wealth of such 
relations throws light on the relations of fi to C, etc. If this 
were not the case, the parts A, B, C... could not be said to 
form such a system; for in such a system, to define il is to 
define, at the same time, all the other members, and to give 
an adjective to ii, is to give an adjective to B and C But the 
relations between positions are, when we restore the matter 
from which the positions were abstracted, relations between 
the things occupying those positions, and these relations, we 
have seen, can be studied without reference to the particular 
nature, in other respects, of the related things. It follows that, 
when we apply the general principle of systematic unity to 
these relations in particular, we find these relations to be 
dependent on each other, since they are not dependent^ for 
their definition, ou anything else. This gives the axiom d 
dimensions, in the above general form, as the result, on our 
abstract geometrical level, of the relativity of position and the 
law of excluded middle. 

185. Before proceeding ftuiher, it is necessary to discuss 
the important special case where a form of externality has only 
one dimension. Of the two such forms, given in experience, J 
one, namely time, presents an instance of this special case. 
But it may be shown, I think, that the function, in constitutiiig 
the possibility of experience, which we demand of such forms, 
could not be accomplished by a one-dimensional form alone. 
For in a one-dimensional form, the various contents may be 
arranged in a series, and cannot, without interpenetratiim, 
change the order of contents in the series. But interpene- 
tration is impossible, since a form of externality is the mere 
expression of diversity among things, from which it Mlows 
that things cannot occupy the same position in a form, unless 
there is another form by which to differentiate them. For / 
without externality, there is no diversity*. Thus two bodies { 

> Iiosi«, YoL n. OhAp. tu. p. 311. 

• BmI, m oppoMd to lo^l, diT«ni^ k thrmii^MWt inftMided. Divww 
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may occupy the same space, but only at different times : two 
things may exist simultaneously, but only at different places. 
A form of cme dimension, therefore, could not, by itself, allow 
that change of the relations of externality, by which alone 
a varied world of interrelated things can be brought into 
consciousness. In a one-dimensional space, for example, only a 
single object, which must appear as a point, or two objects at 
most, one in front and one behind, could ever be perceived. 
Thus two or more dimensions seem an essential condition of 
anything worth calling an experience of interrelated things. 

1S8. It may be objected, to this alignment, that its 
validity depends upon the assumption that the change of a 
reUtion of externality must be continuoua Both to make and 
to meet this objection, in a manner which shall not imply time, 
seems almost impossible. For we cannot speak of change, 
whether continuous or discrete, without imagining time. Let 
us, therefore, allow time to be known, and discuss whether the 
temporal change, in any other form of externality, is necessarily 
omtinuousK We must reply, I think, that continuity is 
necessary. The change of relation, in our non-temporal form, 
may be safely described as motion, and the law of Causality— 
since we have abeady assumed time^may be applied to this 
motion. It then foUowf that discrete motion would involve a 
finite effect from an infinitesimal cause, for a cause acting only 
for a moment of time would be infinitesimal It involves, also, 
a validity in the point of time, whereas what is valid in any 
form of externality is not, as we have already seen, the 
infinitesimal and self-contradictory element resulting from 
infinite division, but the finite relation which mathematics 
analyzes into vanishing elements. Hence change must be 
continuous, and the possibility of serial arrangement holds 
good 

In a one-dimensional form other than time, the same 
argument must hold. For something analogous to Causality 
would be necessary to experience, and the relativity of the 
form would still necessarily hold. Hence, since only these two 

Mp60li msj Mtiifl ia s Ihiiig si out time Mid plsoeb Imt two diftno real 
tUBfi oaaaol to eoolft. 

* Ob Um InnfidMMj of «iiM aloiM, mo Ohapltr rr. § 191. 
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properties of time have been asBttnied, the above eontentioii 
would remain valid of any second form whose relations were 
correlated with those of the first, as the analogue of Causality 
would require them to be. 

187. The next step in the aigument, which assumes two 
or more dimensions, is concerned with the general analogues of 
straight lines and planes, !.«. with figures — which may be 
regarded either as relations between positions or as series of 
positions^-uniquely determined by two or by three positionsL 
If this step can be successfully taken, our deduction of the 
above projective axioms will be complete, and descriptive 
Geometry will be established as the abstract d priori doctrine 
of forms of externality. 

To prove this contention, consider of what nature the 
relations can be by which positions are defined. We have seen 
already that our form is purely relational and infinitely \ 
divisible, and that positions (points) are the self-contradictory 
outcome of the search for something other than relationa 
What we really mean, therefore, by the relations defining a 
position, is, when we undo our previous abstraction, the 
relations of externality by which some thing is related to other 
things. But how, when we remain in the abstract form, must 
such relations appear ? 

188. We have to prove that two positions must have a 
relation independent of any reference to other positions. To 
prove this, let us recur to what was said, in connection with 
dimensions, as to the passivity and homogeneity of our form. 
Since positions are defined only by relations, there must be 
relations, within the form, between positions. But if there are 
such relations, there must be a relation which is intrinsic to 
two positions. For to suppose the contrary, is to attribute an 
interaction or causal connection, of some kind, between those 
two positions and other positions — a supposition which the 
perfect homogeneity of our form rendere absurd, since all 
positions are qualitatively similar, and cannot be changed 
without losing their identity. We may put this aigument 
thus : since positions are only defined by their relations, such 
definition could never begin, unless it began with a lelatioii 
between only two poeitiona For suppose three positioDS A. 
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H, G were neoeanuy, and gave riM to the relatioD cAe between 
the three. Theo there would remein no means of defining the 
different pain BC^ CA, AB^ ainoe the only rdation defining 
them woold be one eommon to all three pain. Nothing would 
be gained, in this ease, hy relerenoe to fimh points, fiir it 
fi>llowB, fimn the homogeneity and paadnty of the form, that 
these firesh points eonld not afleet the inteinal relations of our 
triad, which relations, if they can give definiteness at all, must 
give it without the aid of external reference. Two positions 
must, therefore, if definition is to be possible, have some 
relation which they by themselves suffice to define. Precisely 
the same argument applies to three positions, <Nr to four; the 
argument loses its scope only when we have exhausted the 
dimensions of the form considered. Thus, in three dimensions, 
A^e positions have no finesh relation, not dedodble finom those 
already known, for by the definition of dimensions, all the 
relations involved can be deduced finom those of the fourth point 
to the first three, together with those of the fifth to the first three. 

We may give the argument a m<»e concrete, and perhaps a 
more convincing shape, by considering the matter arranged in 
our form. If two things are mutually external, they must 
since they belong to the same world, have some relation of 
externality; there is, therefore, a relation of externality between 
two things. But since our form is homogeneous, the same 
relation of externality may subsist in other parts of the form, 
tA. while the two things considered alter their relations of ex- 
ternality to other things. The relation of externality between 
j' •• two things is, therefore, independent of other things. Hence, 

when we return to the abstract language of the form, two 
positions have a relation determined by those two positions 
alone, and independent of other positions. 

Precisely the same argument applies to the relations of 
three positions, and in each case the relation must appear in 
the form as not a mere inference from the positions it relates. 
For relations, as we have seen, actually constitute a form of 
externality, and are not mere inferences fix>m terms, which are 
nowhere to be found in the form^ 

> Otom«lriflsl^, the udom of Um pUiielt, not that thnt points dttoimiiio 
atssitalsll,ivliklif»llowilkomllitaxloBof tho itiftic^t line, Imt flwt Ihe 
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To sum up : Since pomtion ih relative, two poeitioiiB most 
have 9(nM relation to each other; and since our form of 

■Inighl line Joiaiag two OMoal poiata of tlM plaao Bm iHioI^ ia fbo piaao. 
Tbii Mlom Nqoirw a pcojoollfo nwlliod of aoattrooliBC tho plaao, Ut* of 
fladlnc aU tbo trUda of polala whkh dotonaiao tiM Huao praJooUio flgnio m 
Um gifoa triad. Tha nqulnd ooaitniotion will ba obtaiaad If wa aaa flad aaj 
piolaatlva flgoia dataraUaod bj thiaa polata, aad aajr projootlfa bmUmA 
of naohiag othar polata wfalah datanalaa tba mom flgnm. 

Lat 0| P» 4 ba tha thiaa polata whofo projaatlva lalatloa la loqahod. 
Tbaa wa hA?a givaa oa tba thiaa itialght Uaaa PQ, go, OP. MatriaaHj. tiw 




relation batwean theia pointa Is mada vp of tha ana, aad tha magaitoda of the 
■idei and anglaa, of tha triangla OPQ, just at tha leUtion batwaan two pointo 
l« diftanae. But piojaetlTaly, tha fignia la nnehangad whan P aad Q trafal 
along OP and OQ, or whan OP and OQ tnrn abont O In raeh a waj ai atlU to 
Bieat PQ. Thia ia a reanlt of tha ganaral prinelpla of projaatiw winlTalaiaa 
annnoiatad abora (d 100, 109). Haaea the projaatiTa relation batwaea 0, P, Q 
Is tha sama as that batwean O, ji, 9 or O, P', g* ; that Is, p, f and P', g' Ua In 
tha pkna OPQ. In thia way, any nmnbar of pointo on tha plana bbi^ ba 
obtained, and \ff repeating the eonatmetlon with fkashtrlada, avsiy point of tha 
plaae eaa be leaehed. We have to ptore that, whea the pkne Issoeoastraeted, 
the straight Una joining any two pointo of the plane Ilea whoQy In tha plana. 

It is etident, firom the manner of aonstmetlon, that any point of Pg, OP^ 
Og, OP" or OQ' lies in the ptone. If we ean ptore that any point of pf Ilea In 
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externality is homogeneous, this relation can be kept un- 
ehanged while the two poeitiomi change their relations to other 
positions. Henoe their relation is intrinsic, and independent of 
other positions. Since the form is a mere complex of relations, 
the relation in question must, if the form is sensuous or 
intuitive, be itself sensuous or intuitive, and not a mere 
inferenoa In this case, a unique relation must be a unique 
figure— in spatial terms, the straight line joining the two 
points. 

189. With this, our deduction of projective Qoometiy 
fipom the A priori conceptual properties of a form of externality 
is completed That such a form, when regarded as an in- 
dependent thing, is self-contradictory, has been abundantly 
evident throughout the discussion* But the science of the 
form has been founded on the opposite way of regarding it : we 
have held it throughout to be a mere complex of relations, and 
have deduced its properties exclusively from this view of it 
The many difficulties, in applying such an A priori deduction 
to intuitive space, and in explaining, as logical necessities, 
properties which appear as sensuous or intuitional data, must 
be postponed to Chapter iv. For the present, I wish to point 
out that projective Geometry is wholly A priori; that it deals 
with an object whose properties are logically deduced from its 
definition, not empirically discovered from data; that its 
definition, again, is founded on the possibility of experiencing 
diversity in relation, or multiplicity in unity; and that our 
whole science, therefore, is logically implied in, and deducible 
from, the possibility of such experience. 

140. In metrical Oeometiy, on the contrary, we shall find 
ia very difierent result. Although the geometrical conditions 
which render spatial measurement possible, will be found 
identical, except for slight differences in the form of statement, 
with the A priori axioms discussed above, yet the actual 

fhtplsiM^ w« ihsllhttw proftd til tluU ii nqaired, dnM jif majbelniitfoniied, 
Igr siiooeiiivt np«titioiit of ths sum oonttnioUon, into sny itnigbt lino 
Jolaiag two poiati of tho pisao. Bui wo hsvo toon that tho hmm pUno is 
J s lMi n im d bj Q, ji, f snd by 0, P, Q. Tho itrsight liaoi PQ,pq hsvo, thorsforo, 

«ho fsoM loUtioa to tho pbao. But PQ Uoo whoUj ia tho phno i thoiofoio m 
slooUoowhoDjiathoploao. Honoo our siiom ii proYod. 
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mofwmromont— which deals with aotually given Bpnoo, not tho 
mora intoUootual oonstruction wo havo boon ju8t diaenwing — 
givos results whioh con only be known empirically and 
approximately, and can be deduced by no necessity of thought. 
The Euclidean and non-Euclidean spaces give the various 
rosults which ara d priori possible; the axioms peculiar to 
Euclid— whioh are properly not axioms, but empirical results 
of measuroment— determine, within the errors of observation, 
which of these d priaf% possibilities is roalized in our actual 
'space. Thus measurement deals throughout with an em- 
pirically given matter, not with a creature of the intellect, and 
its d priori elements are only the conditions presupposed in the 
possibility of measurement What these conditions are, we 
shall see in the second section of this chapter. 



Beotton B. 

THE AXIOMS OF METRICAL GEOMETBT. 

141. We have now reviewed the axioms of projective 
Oeomotry, and have seen that they are A priori deductions 
from the &ct that we can experience externality, %£. a co- 
existent multiplicity of different but interrelated things. But 
projective Geometiy, in spite of its claims, is not the whole 
science of space, as is sufficiently proved by the fiict that it 
cannot discriminate between Euclidean and non-Euclidean 
spaces\ For this purpose, spatial measurement is required: 
metrical Geometry, with its quantitative tests, can alone effect 
the discrimination. For all application of Geometry to physics^ 
also, measurement is required; the law of gravitation, for 
example, requires the determination of actual distances. For 
many purposes, in short, projective Geometry is wholly in- 
sufficient: thus it is unable to distinguish between different 
kinds of conies, though their distinction is of fundamental im- 
portance in many departments of knowledge. 

1 A deUUad proof hM Imod siven aboft, Ohsp. i. Sid period. It li to 
btobMTfad tiisl SQj rtfoniioo to Indiiiti^ distant tlomonts iatolvw SMtriasl 
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Metrical Geometiy is, then, a neoeasaiy part of the science 
of space, and a part not included in descriptive Geometry. 
Its d priori element, nevertheless, so far as this is spatial 
and not arithmetical, is the same as the postulate of pro- 
jective Geometiy, namely, the homogeneity of space, or its 
equivalent, the relativity of position. We can see, in &ct, that 
the d prioiri element in both is likely to be the same. For 
the d priori in metrical Geometry will be whatever is pre- 
supposed in the possibility of spatial measurement, is* of 
quantitative spatial comparison. But such comparison pre- 
supposes simply a known identity of quality, the determination 
%A which is precisely the problem of projective Geometiy. 
Hence the conditions for the possibility of measurement, in 
so fiur as they are not arithmetical, will be precisely the same 
as those for projective Geometiy. 

148. Metrical Geometiy, therefore, though distinct from 
projective Geometry, is not independent of it, but presupposes 
it, and arises from its combination with the extraneous idea 
of jtianMy. Nevertheless the mathematical form of the axioms, 
in metri<»l Geometiy, is slightly different from their form in 
projective Geometiy. • The homogeneity of space is replaced 
by its equivalent, the axiom of Free Mobility. The axiom of 
the straight line is replaced by the axiom of distance: Two 
points determine a unique quantity, distance, which is unaltered 
in any motion of the two points as a single figure. This axiom, 
indeed, will be found to involve the axiom of the straight line^ 
such a quantity could not exist unless the two points de- 
termined a unique curve— but its mathematical form is changed 
Another important change is the collapse of the principle of 
duality : quantity can be applied to the straight line, because 
it is divisible into similar parts, but cannot be applied to the 
indivisible point We thus obtain a reason, which was wanting 
in descriptive Geometry, for preferring points, as spatial ele- 
ments, to straight lines or planes\ Finally, an entirely new 
idea is introduced with quantity, namely, the idea of MhAmiu 
Not that we study motion, or that any of our results have 
wfar eaee to motiont but that they cannot, though in projective 

« or. BeetioB A, {f llS-117. 
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Geometry they oould, be obtained without at least an ideal 
motion of our figures through space. 

Let us now examine in detail the prerequisites of spatial 
measurement We shall find three axioms, without which suck 
measurement would be impossible, but with which it is ade* 
quate to decide, empirically and approximately, the Euclidean 
or non-Euclidean nature of our actual space. We shall find, 
further, that these three axioms can be deduced finom the con- 
ception of a form of externality, and owe nothing to the 
evidence of intuition. They are, therefore, like their equivalents 
the axioms of projective Geometry, A priori, and deducible firom 
the conditions of spatial experience. This experience, ac- 
cordingly, can never disprove them, since its very existence 
presupposes them. 



L The Aafiani of Free MobUUif. 

148. Metrical Geometry, to begin with, may be defined as 
the science which deals with the comparison and relations of 
spatial magnitudes. The conception of magnitude, therefore, is 
necessaiy from the start. Some of Euclid's axioms, accordingly, 
have been classed as arithmetical, and have been supposed to 
have nothing particular to do with space. Such are the axioms 
that equals added to or subtracted fix>m equals give equals^ and 
that things which are equal to the same thing are equal to one 
another. These axioms, it is said, are purely arithmetical, and | 
do not, like the others, ascribe an adjective to space. As regards ' 
their use in arithmetic, this is of course true. But if an arith- 
metical axiom is to be applied to spatial magnitudes, it must have 
some spatial import*, and thus even this class is not, in Geometry, 
merely arithmetical. Fortunately, the geometrical element is 
the same in all the axioms of this class — ^we can see at once, in 
fact, that it can amount to no more than a definition of spatial 
magnitude*. Again, since the space with which Geometry 
deab ia infinitely divisible, a definition of spatial magnitade 



* GonteMt Bidnuum, op. dt. p. IBS. 

* Cf. Erdnuuui, op. oii. p. 164. 
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reduces itself to a definition of spatial equality* for, as soon as 
we have this last, we can compare two spatial magnitudes by 
dividing each into a number of equal units, and counting the 
number of such units in each K The ratio of the number of 
units is, of couxse, the ratio of the two magnitudes. 

144. We require, then, at the very outset, some criterion 
of spatial equality: without such a criterion metrical Qeometiy 
would become wholly impossible. It might appear, at first 
sights as though this need not be an axiom, but might be a 
mere definition. In part this is true, but not wholly. The part 
which is merely a definition is given in Euclid's eighth axiom : 
* Magnitudes which exactly coincide are equaL" But this gives 
a sufficient criterion only when the magnitudes to be compared 
already occupy the same position. When, as will normally be 
the case, the two spatial magnitudes are external to one another 
— «s» indeed, must be the case, if they are distinct, and not 
whole and part— the two magnitudes can only be made to 
coincide by a motion of one or both of them. Li order, there- 
fore, that our definition of spatial magnitude may give unam- 
biguous results, coincidence when superposed, if it can ever 
occur, must occur always, whatever path be pursued in bringing 
it about. Hence, if mere motion could alter shapes, our cri- 
terion of equality would break down. It follows that the 
application of the conception of magnitude to figures in space 
involves the following axiom': Spatial nutgnitudea can be moved 
fram place to plaoe without dietortion; or, as it may be put, 
Shapee do not in any way depend upon abeolute poeition in 
^fooe. 

The above axiom is the axiom of Free Mobility'. I propose 
to prove (1) that the denial of this axiom would involve logical 
and philosophical absurdities, so that it must be cbssed as 

1 Btiiotly ipeAkiiig, thii matiiod If ooJljr appliMUa where the two magnlftadei 
ue eommeofimble. Bat if we take infinite fU?ieibiUty rigidlj, the unite oan 
theoiitieaUj be taken eo imsU ea to obtain aagr leqnired degree of approiima- 
tloB. The diflleiilty ie the nnlvereal one of applying to eontinna the eeeenttally 
dieoete eoneeption of number. 

 Ot Krdmann, op. elt. p, 50. 

* Alao eaUed the axiom of eongmenee, I have taken eongraenee to be the 
^c^ttrftton of epatialeqaaUty by enp eipo ei tioa, and ehatt therefore generally epeak 
of the «tl0M ae Free MobUlty. 
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wholly A priori; (2) that metrical Geometiyf if it refused 
axiom, would be unable, without a logical absurdity, to establish 
the notion of spatial magnitude at all The ccmdusion will be, 
that the aadom cannot be proved or disjHoyed by experience^ 
but is an d priori condition of metrical Geometry. As I shall 
thus be maintaining a position which has been much ccmtnK 
▼erted, especially by Helmholts and Erdmann, I shall have to 
enter into the aiguments at some length. 

145. A. Philosophioal Argament The denial of the axiom 
involves absolute position, and an action of mere space, per se, 
aa things. For the axiom does not assert that real bodies, as a 
matter of empirical fact, never change their shape in any way 
during their passage from place to place ; on the contnuy, we 
know that such changes do occur, sometimes in a veiy notice- 
able degree, and always to some extent But such changes are 
attributed, not to the change of place as such, but to phy- 
sical causes : changes of temperature, pressure, etc. What our 
axiom has to deal with is not actual material bodies^ but 
geometrical figures', and it asserts that a figure which is pos- 
sible in any one position in space is possible in eveiy other. Its 
meaning will become clearer by reference to a case where it 
does not hold, say the space formed by the surfiu» of an egg. 
Here, a triangle drawn near the equator cannot be moved 
without distortion to the point, as it would no longer fit the 
greater curvature of the new position ; a triangle drawn near 
the point cannot be fitted on to the flatter end, and so on. 
Thus the method of superposition, such as Euclid employs in 
Book L Prop, iv., becomes impossible ; figures cannot be freely 
moved about, indeed, given any figure, we can determine a 
certain series of possible positions for it on the egg, outside 
which it becomes impossible. What I assert is» then, that 
there is a philosophic absurdity in supposing space in general 
to be of this nature. On the egg we have marked points, such 
as the two ends ; the space formed by its surfiice is not homo* 
geneous, and if things are moved about in it, it must of itself 
exercise a distorting effect upon them, quite independently of 
physical causes ; if it did not oxeroiso such an ofiect, the things 

> For Ihe mom in whioh Umm fignrai m« lo b« npaOoi m laslHial, 
NO oritioioiii of HoUnholli, OhmgUiK u. H <M» '• 
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ooald not be moved. Thus sttch a space would not be homo- 
K geneous, but would have marked points, by reference to which 
bodies would have absolute position, quite independently of 
any other bodiea Space would no longer be passive, but 
would exercise a definite effect upcm things, and we should 
have to accommodate ourselves to the notion of marked points 
in empty space ; these points being marked, not by the bodies 
which occupied them, but by their effects on any bodies which 
might from time to time occupy them. This want of homo- 
geneity and passivity is^ however, absurd ; space must, since it 
is a form of externality, allow only of relative, not of absolute, 
position, and must be completely homogeneous throughout. 
I To suppose it otherwise, is to give it a thinghood which no 
' form of externality can possibly possess. We must, then, on 
purely philosophical grounds, admit that a geometrical figure 
which is possible anywhere is possible everywhere, which is the 
axiom of fVee MobiUty. 

14S. B. (hofmfMofd Argwtikm^ Let us see next what sort 
of Qeometry we could construct without this axiom. The ulti- 
mate standard of comparison of spatial magnitudes must, as we 
saw in introducing the axiom, be equality when superposed ; but 
need we, from this equality, infer equality when separated ? It 
has been uiged by Erdnnann that, for the more immediate pur- 
poses of Geometry, this would be unnecessary '. We might 
construct a now Qeometry, he thinks, in which sizes varied with 
motion on any definite law. Such a view, as I shall show below, 
involves a logical error as to the nature of magnitude. But 
before pointing this out, let us discuss the geometrical conse- 
quences of assuming its truth. Suppose the length of an in- 
finitesimal arc in some standard position were cb; then in any 
other position ji its length would be cb ./(p), where the form of " 
the function/ (p) must be supposed known. But how are we to 
determine the position f ? For this purpose, we require p's 
coordinates^ i^., some measurement of distance from the origin. 
But the distance from the origin could only be measured if we 
assumed our law / (p) to measure it by. For suppose the 
origin to be 0, and Op to be a straight line whose length is 
required. If we have a measuring rod with which we travel 

1 Op. oil. p. sa 
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along the line and measure saccesBiye infinitesimal arcs, the 
measuring rod will change its size as we move, so that an arc 
which appears by the measure to be df will really be /{$) . cb, 
where « is the previously traversed distance. If, on the 
other hand, we move our line Op slowly through the origin, and 
measure each piece as it passes through, our measure, it is true, 
will not alter, but now we have no means of discovering the law 
by which any element has changed its length in coming to the 
origin. Huuoo, until wu assume our function /(p), we have 
no moons of dotennining ji, for wo have just seen that distances 
from the origin can only bu estimated by means of the law 
/(p). It follows that experience can neither prove nor disprove 
the constancy of shapes throughout motion, since, if shapes 
were not constant, we should have to assume a law of their 
variation before measurement became possible, and theref<Me 
measurement could not itself reveal that variation to us*. 

Nevertheless, such an arbitrarily assumed law doef, at first 
sight, give a mathematically possible Oeometry. The funda- 
mental proposition, that two magnitudes which can be super- 
posed in any one position can be superposed in any other, still 
holds. For two infinitesimal arcs, whose lengths in the standard 
position are cbi and cb,, would, in any other position p, have 
lengths /(p).cbi and /(/»).(&«, so that their ratio would be 
unaltered. From this constancy of ratio, as we know throuj^ 
Biemann and Helmholtz, the above proposition follows Hence 
all that Oeometry ret^uires, it would seem, as a basis for 
measurement, is an axiom that the alteration of shapes during 
motion follows a definite known law, such as that assumed, 
above. 

147. There is, however, in such a view, as I remarked above^ 
a logical error as to the natm^ of magnitude. This error has 
been already pointed out in dealing with Erdmanu', and need 
only be briefly repeated here. A judgment of magnitude is 
essentially a judgment of comparison : in unmeasured quantity, 
comparison as to the mere more or less, but in measured mag* 

' Th« Tiew of Helmholte uid Brdmann, thai mechmiotl «Kpttiaioe MdBotB 
here, though geometrieal ezperienoe Uah w, has been diiwwieii 
Chapter n. {f 78, SS. 
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niiude, oomparison as to the precise how many times. To 
speak of differences of magnitude, therefore, in a case where 
comparison cannot reveal them, is logically absurd. Now in 
the case contemplated above, two magnitudes, which appear 
equal in (me position, appear equal also when compared in 
another position. There is no sense, therefore, in supposing 
the two magnitudes unequal when separated, nor in supposing; 
consequently, that they have changed their magnitudes in 
motion. This senselessness of our hypothesis is the logical 
ground of the mathematical indeterminateness as to the law of 
variation. Since, then, there is no means of comparing two 
spatial figures, as regards magnitude, except superposition, the 
only logically possible axiom, if spatial magnitude is to be self- 
oonsistent, is the axiom of Free Mobility in the form first given 
above. 

148. Although this axiom is A priori, its application to the 
measurement of actual bodies, as we found in discussing Hehn- 
holti's views, always involves an empirical elements Our 
/ axiom, then, only supplies the d priori condition for carrying 
out an operation which, in the concrete, is empirical — just as 
arithmetic supplies the A priori condition for a censu& As 
this topic has been discussed at length in Chapter ii., I shall 
say no more about it here. 

140. There remain, however, a few objections and dif- 
ficulties to be discussed. First, how do we obtain equality in 
solids, and in Kant's cases of right and left hands, or of right 
and left-handed screws, where actual superposition is impos- 
sible? Secondly, how can we take congruence as the only 
possible basis of spatial measurement, when we have before us 
the case of time, where no such thing as congruence is con- 
ceivable ? Thirdly, it might be uiged that we can immediately 
estimate spatial equality by the eye, with more or less accuracy, 
and thus have a measure independent of congruenca Fourthly, 
how is metrical Geometry possible on non-congruent surfaces, 
if oongmence be the basis of spatial measurement ? I will 
discuss these objections successively. 

100. (1) How do we measure the equality of solids? 
These could' only be brought into actual congruence if we bad 

' Ohspler n. 1 7S. 
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a fourth dimensioii to operate in*, and from what I have said 
before of the absolute neceanity of thin test, it might seem as 
though we should be left here in utter ignorance.. Euclid is 
silent on the subject, and in all works on Geometry it is assumed 
as self-evident that two cubes of equal side are equal. This as- 
sumption suggests that we are not so badly off as we should have 
been without congruence, as a test of equality in one or two 
dimensions ; for now we can at least be sure that two cubes have 
all their sides and all their fiaoes equal Two such cubes difRsr, 
then, in no sensilile spatial quality save position, for volume, in 
this case at any rate, is not a sensible quality. They are, 
therefore, as fiu- as such qualitieti are concemed, indiscernible. 
If their places were interchanged, we might know the diange 
by their colour, or by some other non-geometrical property; 
but so figur as any property of which Geometiy can take cog- 
nisance is coDcemed, everything would seem as before. To 
suppose a difference of volume, then, would be to ascribe an 
effect to mere position, which we saw to be inadmissible while 
discussing Free Mobility. Except as regards position, they are 
geometrically indiscernible, and we may call to our aid the 
Identity of Indiacemibles to establish their agreement in the 
one remaining geometrical property of vuluma This may 
seem rather a strange principle to use in Mathematics, and for 
Geometry their equality is, perhaps, best regarded as a defini* 
tion; but if we demand a philosophical ground for this definitioo, 
it is, I believe, only to be found in the Identity of Indisoer- 
nibles. We can, without error, make our definition <^ thr^e- 
dimensional equality rest on two-dimensional congruence. For 
since direct comparison as to volume is impossible, we are at 
liberty to define two volumes as equal, when all their various 
lines, sur&ces, angles and solid angles are congruent^ since 
there remains, in such a case, no meaearable difference, between 
the figures composing the two volumes. Of course, as soon as 
we have established this one case of equality of volumes^ the 
rest of the theory follows ; as appears fix>m the ordinary method 
of integrating volumes^ by dividing them into small cubes. 
Thus congruence hdpe to establish three-dimensional equality. 



> OontSMt IMboMi; L'mmimim •! 1m iioiif«UM e^omMm, n. Btr. VUL 
1894, VoL uzTiL p. 964. 
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though it cannot directly prove euch equality; and the same 
philosophical principle, of the homogeneity of space, by which 
congraence was proved, comes to our rescue here. But how 
about right-handed and left-handed screws ? Here we can no 
longer apply the Identity of Indisoemibles, for the two are yery 
well discernible. But as with solids, so here, Free Mobility can 
help us much. It can enable us, by ordinary measurement, to ' 
show that the internal relations of both screws are the same, 
and that the difference lies only in their relation to other 
things in space. Knowing these internal relations, we can 
calculate, by the Geometry which Free Mobility has rendered 
possible, all the geometrical properties of these screws — radius, 
jHtch, etc. — and can show them to be severally equal in both. 
But this is all we require. Mediate comparison is possible, 
though immediate comparison is not. Both can, for instance, 
be compared with the cylinder on which both would fit, and 
thus their equality can be proved. A precisely similar proof 
holds, of course, for the other cases, right and left hands, 
spherical triangles, eta On the whole, these cases confirm my 
argument; for they show, as Rant intended them to show*, the 
essential relativity of space. 

15L (2) As regards time, no congruence is here con- 
ceivable, for to effect congruence requires always — as we saw in 
the case of solids— one more dimension than belongs to the 
magnitudes compared. No day can be brought into temporal 
coincidence with any other day, to show that the two exactly 
cover each other; we are therefore reduced to the arbitrary 
assumption that some motion or set of motions, given us in ex- 
perience, is uniform. Fortunately, we have a lai;ge set of mo- 
tions which all roughly agree ; the swing of the pendulum, the 
rotation and revolution of the earth and the planets, etc. These 
do not exactly agree, but they lead us to the laws of motion, by 
which we are able, on our arbitrary hypothesis, to estimate 
their small departures from uniformity ; just as the assumption 
of Free Mobility enabled us to measure the departures of actual 

' PMdogOBeiui, I IS. Sea VftUiiiiger's Oommeniar, n. pp. 61S— 68S asp. 
pp. 511— f. Thi abort wm Kant's whole pupoee in 176S, but on^jr part of liie 
pwpoee In the FkokgonMoa, wheie the intoiliTe nature of apaee wao alio to be 
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bodies from rigidity. But here, as there, another possilnlity is 
mathematically open to us, and can only be excluded by its 
philosophic absurdity ; We might have assumed that the above 
set of approximately agreeing motions all had velocities which 
varied approximately as some arbitrarily assumed function of 
the time,/(0 say, measured from some arbitrary origin. Such 
an assumption would still keep them as nearly synchronous as 
before, and would give an equally possible, though more com- • 
plex, system of Mechanics ; instead of the first law of motion, 
we should have the following: A particle perseveres in its 
state of rest, or of rectilinear motion with velocity varying as 
f{t\ except in so far as it is compelled to alter that state by 
the action of external forces. Such a hypothesis it mathe- 
matically possible, but, like the similar one for space, it is 
excluded logically by the comparative nature of the judgment', - 
of quantity, and philosophically by the fact that it involves^/' 
absolute time, as a determining agent in change, whereas tune ] 
can never, philosophically, be anything but a passive form,' 
abstracted from change. I have introduced this parallel firom 
time, not as directly bearing on the argument, but as a simpler 
case which may serve to illustrate my reasoning in the more 
complex case of space. For since time, in mathematics, is one- 
dimensional, the mathematical difficulties are simpler than in 
Geometry; and although nothing accurately corresponds to 
congruence, there is a very similar mixture of mathematical 
and philosophical necessity, giving, finally, a thoroughly definite 
axiom as the basis of time-measurement, corresponding to 
congruence as the basis of space-measurement \ 

152. (3) The case of time-measurement suggests the third 
of the above objections to the absolute necessity of the axiom of 
Free Mobility. Psycho-physics has shown that we have an 
approximate power, by means of what may be called the sense 
of duration, of immediately estimating equal short timea This 
establishes a rough measure independent of any assumed 
unifoTDi motion, and in space also, it may be said, we have a 
similar power of immediate comparison. We can see, by im* 

' On the ml^eot of tuM measarement, et Boianqiwl's Iiosie, YoL L 
pp. 178^188. SinM time. In tha *bo?« Meoant, ii aMMOiwl bgr mtloB, ili 
mflMorement pntmppofw that of qiatial magnitndaa. 
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inspectioii, that the sub-divisioiis on a foot rule are 
not gioflsly inaccoFate ; atid so, it may be said, we both have a 
measure independent of oongraence, and also oould discorer, by 
experience, any gross departure from Free Mobility. Against 
this view, however, there is at the outset a very fiindamental 
psychological objection. It has been uiged that all our com- 
parison of spatial magnitudes proceeds by ideal superposition^ 
Thus James says (Psychology, Vol. IL p. 152): "Even where we 
only feel one sub-division to be vaguely laiger or less, the mind 
must pass rapidly between it and the other sub-division, and 
receive the immediate sensible shock of the more," and " so far as 
the sub-divisions of a sense-space are to be meamred exactly 
against each other, objective forms occupying one subdivison 
must be directly or indirectly superposed upon the other'." 

Even if we waive this fundamental objection, however, others 
remain. To begin with, such judgments of equality are only 
very rough approximations, and cannot be applied to lines of 
more than a certain length, if only for the reason that such 
lines cannot well be seen together. Thus this method can only 
give us any security in our own immediate neighbourhood, 
and could in no wise warrant such operations as would be 
required for the construction of maps &c., much less the mea- 
surement of astronomical distances. They might just enable 
us to say that some lines were longer than others, but they 
would leave Geometry in a position no better than that of the 
I Hedonical Calculus, in which we depend on a purely subjective 

measure. So inaccurate, in hct, is such a method acknow- 
lodged to be, that the foot-rule is as much a need of daily life 
as of science. Besides, no one would trust such immediate 
judgments, but for the fiict that the stricter test of congruence 
to some extent confirms them ; if we could not apply tins test, 
we should have no ground for trusting them even as much as 
we da Thus we should have, here, no real escape from our 
absolute dependence upon the axiom of Froe Mobility. 

18S. (4) One last elucidatory remark is necessary before 

our jnoof of this axiom can be considered complete. We spoke 

above of the Geometry on an egg, where Free Mobility does not 

hokL What, I may be asked, is there about a thoroughly non- 

> OCi Btmnpf. Unpraof dor BamiivonltUuig^ p^ 69. 
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congruent Qeometry, more impoflsible than this Geometry on 
the ^gg? The answer is obvions. The Qeometiy of noD- 
congruent sur&ces is only possible by the use of infinitesimals^ 
and in the infinitesimal all surfiuses become plane. The funda- 
mental formula^ that for the length of an infinitesimal are, is 
only obtained on the assumption that such an arc may be treated 
as a straight line, and that Euclidean Plane Geometry may be 
applied in the immediate neighbourhood of any point. If we 
had not our Euclidean measure, which could be moved without 
distortion, we should have no method of comparing small arcs 
in different phices, and the Geometry of non-congruent sur&oes 
would break down. Thus the axiom of Free Mobility, as 
regards three-dimensional space, is necessarily implied and 
presupposed in the Geometry of non-congruent surfaces; the 
possibility of the latter, therefore, is a dependent and derivative 
possibility, and can form no argument against the d priori 
necessity of congruence as the test of equality. 

154. It is to be observed that the axiom of Free Mobility, 
as I have enunciated it, includes also the axiom to whidi 
Helmholtz gives the name of Monodromy. This asserts that 
a body does not alter its dimensions in consequence of a 
complete revolution through four right angles, but occupieB 
at the end the same position as at the beginning. The sup- 
posed mathematical necessity of making a separate axiom of 
this property of space has been disproved by Sophus lie (v. 
Chap. L § 45); philosophically, it is plainly a particular case 
of EVee Mobility*, and indeed a particularly obvious case, for 
a translation really does make some change in a body, namely, 
a change in position, but a rotation through four right angles 
may be supposed to have been performed any number of times 
without appearing in the result, and the absurdity of ascribing 
to space the power of making bodies grow in the process is 
palpable; everything that was said above on congruence in 
general applies with even greater evidence to this special 
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155. The axiom of Free Mobility involves, if it is to be 
true, the homogeneity of space, or the complete relativi^ of 

I Ai It Hdmholta*! other Mtom, tiiAt «Im pomOiility of 
is independmit of the ooaiw pnniMd in bringiiig it about 
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posiiion. For if any shape, which is possible in one part of 
space, be always possible in another, it follows that all parts 
of space are qnalitatively similar, and cannot, therefore, be 
distinguished by any intrinsic property. Hence positions in 
space, if our axiom be true, must be wholly defined by external 
relations, %,$, Position i$ not an iniriniie, but a purely relatiim, 
property of thinge in epace. If there could be such a thing 
as absolute position, in short, metrical Geometry would be 
impossible. This relativity of position is the flmdamental pos- 
tulate of all Geometry, to which each of the necessary metrical 
axioms leads, and from which, conversely, each of these axioms 
can be deduced. 

168. This converse deduction, as regards Free Mobility, is 
not very difficult, and follows from the aigument of Section A*, 
which I will briefly recapitulate. In the first place, externality 
is an essentially relative conception — nothing can be external 
to itself. To be external to something is to be an other with 
some relation to that thing. Hence, when we abstract a form 
of externality from all material content, and study it in iso- 
lation, position will appear of necessity as purely relative — 
it can have no intrinsic quality, for our form consists of pure 
externality, and externality contains no shadow or trace of 
an intrinsic quality. Hence we derive our fundamental pos- 
tuhite, the rektivity of position. From this follows the homo- 
geneity of our form, for any quality in one position, which 
marked out that position fin)m anoUier, would be necessarily 
more or less intrinsic, and would contradict the pure relativity. 
Finally Free Mobility follows from homogeneity, for our form 
would not be homogeneous unless it allowed, in every part, 
shapes or systems of relations, which it allowed in any other 
part Free Mobility, therefore, is a necessary property of every- 
poesible form of externality. 

167. In summing up the argument we have just con- 
cluded, we may exhibit it, in consequence of the two preceding 
paragraphs, in the form of a completed circle. Starting from 
tiie conditions of spatial measurement, we found that the com- 
parison, required for measurement^ could only be efiected by 
supeipontion. But we fimndi further, that the result of such 

I or. M Its, isa 
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oomiMuriMii will only be muunbigaoiis, if spatial magnitudes and 
shapes aiB nnaltered by nxytion in space, if, in otber woids^ 
shapes do not depend apon abeolnte position in space. Bat 
this aiiom can only be tnie if space is homogcaieoiis and 
position merely relatiTe. Conyefsely, if* position is assumed 
to be merely relative, a change of magnitude in motion — 
involving as it doe^^ the assertion of absolute position^ia 
imposstbie, and our test of spatial equality is therefore ade- 
quate. But position in any form of externality must be purely 
rDlativc» since externality cannot be an intrinsic property of 
anything. Our axiom, therofere, is A priori in a douUe sense. 
It is presupposed in all spatial measurement, and it ia a 
necessary property of any form of externality. A similar double 
apriority, we shall see, appears in our other necessary axiomsi 

IL Th$ Amom of DimminoMK 

168. We have seen, in discussing the axiom of Free Mo- 
bility, that all position is relative, that is, a position exists 
<mly by virtue of relations'. It follows that, if positions can 
be defined at all, they must be uniquely and exhaustively 
defined by some finite number of such relations^ If Geometry 
is to be possible, it roust happen that, after enough relations 
have been given to determine a point uniquely, its relations 
to any fresh known point are deducible from the relations 
already given. Hence we obtain, as an d priori condition of 
Geometry, logically indispensable to its existence, the axiom 
that Space must have a finite integral number of IHrneneione, 
For every relation required in the definition of a point con- 
stitutes a dimension, and a firaction of a relation is meaningless. 
The number of relations required must be finite, since an 
infinite number of dimensions would be practically impossible 
to determine. If we remember our axiom of Free Mobility, 

> Thii dedneiion is praotieally ih« tame m that In Seo. A, bot I hat* ttatei 
it h«n with mon ipedal releranoe to tp«M and to metrieal GeooMtiy. 

* Tha quastion: '•Balationa to what?** ia a qnaation intolvii 
diffioaltiee. It will be tooohed on later in thia ehapter, and anaweied, 
poanble, in the fonrth ehapter. For the pretent, in apite of the gkrins 
infolTed, I ahaU take the relationa aa relations to other poal t loiia. 
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and lemember also that space is a continuum, we may state 
our axiom, for metrical Geometry, in the form given by Helm- 
holtz (▼. Chap. L § 25): "In a space of n dimensions, the 
position of every point is uniquely determined by the measure- 
ment of ft continuous-independent variables (coordinates).*" 

169. So much, then, is d priori necessary to metrical 
Geometry. The restriction of the dimensions to three seems, 
on the contrary, to be wholly the work of experience*. This 
restriction cannot be logically necessary, for as soon as we have 
formulated any analytical system, it appears wholly arbitrary. 
' Why, we are driven to ask, cannot we add a fourth coordinate 
to our w, y, m, or give a geometrical meaning to a?* ? In this 
more special form, we are tempted to regard the axiom of 
dimensions, like the number of inhabitants of a town, as a 
purely statistical bet, with no greater necessity than such (acta 
have. 

Geometry iCffords intrinsic evidence of the truth of my 
division of the axiom of dimensions into an A priori and 
empirical portion. For while the extension of the number 
of dimensions to four, or to n, alters nothing in plane and 
solid Geometry, but only adds a new branch which interferes 
in no way with the old, 9ome definite number of dimensions 
is assumed in all Geonnetries, nor is it possible to conceive of 
a Geometry which should be free fit>m this assumption'. 

160l Let us» since the point seems of some interest, repeat 
our proof of the apriority of this axiom from a slightly different 
point of view. We will begin, this time, from the most ab- 
stract conception of space, such as we find in Biemann's disser- 
I tation, or in Erdmann's extents. We have here, an ordered 

|. manifold, infinitely divisible and allowing of Free Mobility 1 

Free Mobility involves, as we saw, the power of passing con- 
|; tinuously from any one point to any other, by any course which 

j} may seem pleasant to us; it involves, also, that^ in such a 
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> WIm. Abh. Vol n. p. 614. 

* Cp. QmniAna, Amdafanoagilehra you 1S44, Snd ed. p. sun. 

* Dtlboeuf , it ii trm, ipMkf of OeonwtriM witii tnjn dim«iirioiis, Imt gifw 
ao ftCwMiM (BcT. Phil. T. xxsil p. 450). 

« la orttldsiiic BfdnuuiB, il wUl b« nmMnlMred, w mw that Frae Mobility 
is a BSOiMSij ptoperlEf of his ostonli, thoagh ho do«o not ragud it at oiMh. 
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ooune, DO changes ooenr except changes of mere position, tA, 
positions do not differ from one another in any qaalitative 
way. (This absence of qualitative difference is the distinguish- 
ing mark of space as opposed to other manifolds, such as the 
colour- and tone-systems : in these, every element has a definite 
qualitative sensational value, whereas in space, the sensational 
value of a position depends wholly on its spatial relation to 
our own body, and is thus not intrinsic, but relativa) From 
the absence of qualitative differences among positions, it follows 
logically that positions exist only by virtue of other positions ; 
one position differs from another just because they are two, 
not because of anything intrinsic in either. Position is thus 
defined simply and solely by relation to other positions. Any ^ 
position, therefore, is completely defined when, and only when, 
enough such relations have been given to enable us to de- 
termine its relation to any new position, this new position \ 
being defined by the same number of relations. Now, in order 
that such definition may be at all possible, a finite number 
of relations must suffice. But every such relation constitutes 
a dimension. Therefore, if Geometry is to be possible, it is 
h priori necessary that space should have a finite integral 
number of dimensions. 

161. The limitation of the dimensions to three is, as we i 
have seen, empirical; nevertheless, it is not liable to the in- ' 
accuracy and uncertainty which usually belong to empirical 
knowledge. For the alternatives which logic leaves to sense 
are discrete— if the dimensions are not three, they must be 
two or four or some other number — so that gmall errors are 
out of the question^ Hence the final certainty of the axiom 
of three dimensions, though in part due to experience, is of 
quite a different order from that of (say) the law of Gravitation. 
In the latter, a small inaccuracy might exist and remain un- 
detected ; in the former, an error would have to be so consider- 
able as to be utterly impossible to overlook. It follows that 
the certainty of our whole axiom, that the number of dimensions 
is three, is abnost as great as that of the d priori element^ 

^ Of. BieinAim, HypoUifltn wddM dtr GeooMtri* i«. Ofondt 
GMMnmelto Wwkc^ p. S66; alio Erdmim, op. di. p. 154. 
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rince this element leayes to sense a definite disjunction of 
discrete poesibilitiesL 

in. Th€ Awiam of Distance. 

162. We have already seen, in discussing projective Qeo- 
metiy, that two points must determine a unique curve, the 
straight line. In metrical Geometry, the corresponding axiom 
is, that two points must determine a unique spatial quantity, dis- 
tance. I propose to prove, in what follows, (1) that if distance, 
as a quantity completely determined by two points, did not exist, 
spatial magnitude would not be measurable ; (2) that distance 
can only be determined by two points, if there is an actual 
curve in space determined by those two points; (8) that the 
existence of such a curve can be deduced fi^m the conception 
of a form of externality, and (4) that the application of quantity 
to such a carve necessarily leads to a certain magnitude, namely 
distance, uniquely determined by any two points which de- 
termine the curve. The conclusion will be, if these propositions 
can be successfully maintained, that the axiom of distance is 
/ d priori in the same double sense as the axiom of Free Mobility, 
^ ii. it is presupposed in the possibility of measurement, and 
it is necessarily true of any possible form of externality. 

168. (1) The possibility of spatial mea8urement allows 
us to infer the existence of a magnitude uniquely determined 
by any two points. The proof of this depends on the axiom 
of Free Mobility, or its equivalent, the homogeneity of space. 
We have seen that these are involved in the possibility of 
spatial measurement ; we may employ them, therefore, in any 
aigument as to the conditions of this possibility. 

Now to begin with, two points must, if Geometiy is to 
be possible, have same relation to each other, for we have seen 
that such relations alone constitute position or localization. 
But if two points have a relation to each other, this must be 
an intrinsic relation. For it follows, from' the axiom of Free 
Mobility, that two points, forming a figure congruent with the 
given pair, can be constructed in any part of space. If this 
were not possible, we have seen that metrical Geometry 
oonld not exist. But both the figures may be regarded as 
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oompoaed of two points and their relation ; if the two figures 
are oongment, therefore, it follows that the relation is quan- 
titatively the same for both figures, since congruence is the 
test of spatial equality. Hence the two points have a quanti- 
tative relation, which is such that they can traverse all space 
in a combined motion without in any way altering that re- 
lation. But in such a general motion, any external relation 
of the two points, any relation involving other points or figures 
in space, must be altered '• Hence the relation between the ^ 
two points, being unaltered, must be an intrinsic relation, a / 
relation involving no other point or figure in space ; and this 
intrinsic relation we call distance*. 

164 It might be objected, to the above argument, that it 
involves a petitio prineipii. For it has been assumed that 
the two points and their relation form a figtire, to which other 
figures can be congruent Now if two points have no intrinsic 
relation, it would seem that they cannot form such a figure. 
The argument, therefore, apparently assumes what it had to 
prove. Why, it may be asked, should not three points be 
required, before we obtain any relation, which Free Mobility 
allows us to construct afresh in other parts of space? { 

The answer to this, as to the corresponding question in the i 

first section of this chapter, lies, I think, in the passivity of 
space, or the mutual independence of its parts. For it follows, 
fix>m this independence, that any figure, or any assemblage f 
of points, may be discussed without reference to other figures 
or points. This principle is the basis of infinite divisibility, of 

^ This is sabjeet, in ipherieal ipaoe, to the modifleatkm pointed oat below, 
in dealing with the exception to the axiom of the etnight line. 8eo 
M 16S— 171. 

* In speaking of dietanee at onee as a qnanti^ and as an intrinsio 
relation, I am anxiovs to guard against an apparent ineonsistenqr. I ha^ 
spoken of the judgment of qaantity, throoghoat, as one of comparison ; bow, 
then, can a quantity be intrinsic f The reply is that, although measniemenl 
and the judgment of quantity express the result of oomparison, yet the terass 
compared must exist before the comparison ; in this ease, the terms eompavsd 
in measuring distances, <.e. in comparing them inter m, are intrinsie rs lati o M 
between points. Thus, although the wutatunmeiU of distance invdireB a 
reference to other distances, and its expression as a magnitude reqniies ewii a 
reference, yet its existence does not depend on a^y oxtsmal nteeaea, b«k 
exdnsiTely on the two points whose distance it is. 
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the 1106 of quaotity in Geometry, and of all poesibility of 
iflolating particular figures for discussion. It follows that two 
points cannot be dependent, as to their relation, on any other 
points or figures, for if they were so dependent, we should have 
to' suppose some action of such points or figures on the two 
points considered, which would contradict the mutual inde- 
pendence of different positions. To illustrate by an example : 
the relation of two given points does not depend on the other 
points of the straight line on which the given points lie. For 
only through their relation, i,e. through the straight line which 
they determine, can the other points of the straight line be 
known to have any peculiar connection with the given pair. 

IBS: But why, it may be asked, should there be only one 
such relation between two points? Why not several? The 
answer to this lies in the fact that points are wholly constituted 
by relations, and have no intrinsic nature of their own K A 
point is defined by its relations to other points, and when once 
the relations necessary for definition have been given, no fresh 
relations to the points used in definition are possible, since the 
point defined has no qualities from which such relations could 
flow. Now one relation to any one other point is as good for 
definition as more would be, since however many we had, they 
would all remain unaltered in a combined motion of both 
points. Hence there can only be one relation determined by 
any two points. 

166. (2) We have thus established our first proposition — 
two points have one and only one relation uniquely determined 
by those two points. This relation we call their distance 
apart It remains to consider the conditions of the measure- 
ment of distance, i.s., how far a unique value for distance in- 
volves a curve uniquely determined by the two points. 

In the first place, some curve joining the two points is 
involved in the above notion of a combined motion of the two 
points, or of two other points forming a figure congruent with 
the first twa For without some such curve, the two point-pairs 
cannot be known as congruent, nor can we have any test by 
which to discover when a point-pair is moving as a single 

> 8m Ihs «d of Iht MvuiiMiit ott FfM MobiU^, i IM ff . 
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6gare\ Dutanoe mosi be measared, therefofe, by aooie line 
which joins the two pmnts. Bat need this be a line which the 
two points completelj detennine 7 

167. We are accustomed to the definition of the straight 
line as the ihrnieti distance between two points, which implies 
that distance might equally well be meanured by curved lines. 
This implication I believe to be fiilse, for the fidlowing reosona. 
When we speak of the length of a curve, we can give a meaning 
to our words only by supposing the curve divided into infinites- 
imal rectilinear arcs, whose sum gives the length of an ciquiva- 
lent straight line ; thus unless we presuppose the straight line, 
we have no means of comparing the lengths of different curves, 
and can therefore never discover the applicability of our defini- 
tion. It might be thought, perhaps, that some other line, say 
a circle, might be used as the basis of measurement But in 
order to estimate in this way the length of any curve other 
than a cirole, we should have to divide the curve into in- 
finitesimal circular aix». Now two successive points do not 
determine a circle, so that an arc of two points would have an 
indeterminate length. It is true that, if we exclude infinitesi- 
mal radii for the measuring circles, the lengths of the in- 
finitesimal arcs would be determinate, even if the circles 
varied, but that is only bocauMo all the small circular ares 
through two consecutive points coincide with the straight line 
through those two points. Thus, oven with the help of the 
arbitrary restriction to a finite radius, all that happens is that 
we ore brought back to the straight line. If, to mend matters, 
we take three consecutive points of our curve, and reckon 
distance by the arc of the circle of curvature, the notion of 
distance loses its fundamental projjerty of being a relation be- 
tween tufo points. For two consecutive points of the arc oould 

> In FriMhAQft *< Abfolnte OMinotrie naeh Johunn Bolyai,** Anhang, then 
it A writt of deflnitions, iiUrtlng from tho sphere, m tlie looot of eongraeiU 
point-i»irs when one point of the pair Is Axed, and henee obtaining the eiiele 
and the straight line. Fh>m the above it follows, that the sphen so deSnod 
ahreadjr iuTolTes a ennre between the points of the point-pair, by whieh 
▼arions point-pairs ean be known as eongment ; and it will appear, aa wm 
pfoeeed, that this eonre must be a straight line. Fnsohanf s deilaitioii bj 
means of the sphere inTolves, therefore, a fidons eirele, sfaiee the 
presapposes the straight line, as the test of eongment point-palm. 
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not then be said to have any corresponding distance apart — 
three points would be necessary before the notion of distance 
became applicable. Thus the circle is not a possible basis for 
measurement^ and similar objections apply, of course, with 
increased foroe, to any other curve. All this argument is 
designed to show, in detail, the logical impossibility of measur- 
ing distance by any curve not completely defined by the two 
points whose distance apart is required. If in the above we 
had taken distance as measured by circles of given raditu, we 
should have introduced into its definition a relation to other 
points besides the two whose distance was to be measured, 
which we saw to be a logical fidlacy. Moreover, how are we to 
know that all the dreles have equal radii, until we have an 
independent measure of distance ? 

168. A straight line, then, is not the Bhcnieat distance, but 
is simply the distance between two points — so far, this con- 
clusion has stood firm. But suppose we had two or more 
curves through two points, and that all these curves were 
ccmgruent inUr m. We should then say, in accordance with 
the definition of spatial equality, that the lengths of all these 
curves were equal Now it might happen that, although no 
one of the curves was uniquely determined by the two end- 
points, yet the common length of all the curves was so deter- 
mined. In this case, what would hinder us ttom calling this 
common length the distance apart, although no unique figure 
in space corresponded to it ? This is the case contemplated by 
spherical Qeometry, where, as on a sphere, antipodes can be 
joined by an infinite number of geodesies, all of which are of 
equal length. The difficulty supposed is, therefore, not a 
purely imaginary one, but one which modern Qeometry forces 
us to fiftce. I shall consequently discuss it at some length. 

169. To begin with, I must point out that my axiom is 
not quite equivalent to Eudid'a Euclid's axiom states that 
two straight lines cannot enclose a space, ».e., cannot have 
more than one common point. Now if every two points, 
without exceptioni determine a unique straight line, it follows, 
of course, that two different straight lines can have only one 
point in common— so bx, the two axioms are equivalent But 
it may happen, as in spherical space, that two points in general 
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detenniDe a unique straight line, but &il to do so when they 
have to each other the special relation of being antipodes. In 
such a system every pair of straight lines in the same plane 
meet in two points, which are each other^s antipodes; but two 
points, in general, still dotcrmine a unique straight line. We 
are still able, therefore, to obtain distances from unique straight 
lines, except in limiting cases ; and in such cases, we can take 
any point intermediate between the two antipodes, join it by 
the same straight line to both antipodes, and measure its 
distance from those antipodes in the usual way. The sum of 
these distances then gives a unique value for the distance 
between the antipodes. 

Thus even in spherical space, we are greatly assisted by the 
axiom of the straight line ; all linear measurement is effected 
by it, and exceptional cases can be treated, through its help, by 
the usual methods for limits. Spherical space, therefore, is not 
so adverse as it at first appeared to be to the d priori necessity 
of the axiom. Nevertheless we have, so fiir, not attacked the 
kernel of the objection which spherical space suggested. To 
this attack it is now onr duty to proceed. 

170. It will be remembered that, in our A priori proof 
that two points must have one definite relation, we held it 
impossible for those two points to have, to the rest of space, 
any relation which would be unaltered by motion. Now in 
spherical space, in the particular case where the two points are 
antipodes, they have a relation, unaltered by motion, to the rest 
of space— the relation, namely, that their distance is half the 
circumference of the universe. In our former discussion, we 
assumed that any relation to outside space must be a relation 
of position^and a reUtion of position must be altered by 
motion. But with a finite space, in which we have absolute 
magnitude, another relation becomes possible, namely, a rela- 
tion of magnitude. Antipodal points, accordingly, like coinci- 
dent points, no longer determine a unique straight line. And 
it is instructive to observe that there is^ in consequence, an 
ambiguity in the expression for distance, like the ordinaiy 
ambiguity in angular measurement If l/l^ be the space con- 
stant, and d be one value for the distance between two* pcnnta. 
2irA:fi i d, where n is any integer, is an equally good value. 
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Dbtance is, in short, a periodic function like angle. Thus such 
a state of things rather confirms than destroys my contention, 
that distance depends on a curve uniquely determined by two 
points. For as soon as we drop this unique determination, we 
see ambiguities creeping into our expression for distance. 
Distance still has a set of ditcreU values, corresponding to the 
fret that, given one point, the straight line is uniquely deter- 
mined for all other points but one, the antipodal point. It is 
tempting to go on, and say : If through 0Mry pair of points there 
were an infinite number of the curves used in measuring distance, 
distance would be able, for the same pair of points, to take, not 
only a discrete series, but an infinite contintioftf series of values. 

171. This, however, is mere speculation. I come now to 
the fii^ ds rMgtanee of my argument The ambiguity in 
spherical space arose, as we saw, from a relation of magnitude 
to the rest of space — such a relation being unaltered by a 
motion of the two points, and therefore falling outside our 
introductoiy reasoning. But what is this relation of magni- 
tude? Simply a reUtion of the diatanoe between the two 
points to a diHanoe given in the nature of the space in question. 
It follows that such a relation prsrupjxww a measure of distance, 
and need not, therefore, be contemplated in any argument 
which deals with the d priori requisites for the possibility of 
definite distances \ 

172. I have now shown, I hope conclusively, that spherical 
space affords no objection to the apriority of my axiom. Any 
two points have one relation, their distance, which is inde- 
pendent of the rest of space, and this relation requires, as its 
measure, a curve uniquely determined by those two points. I 
might have taken the bull by the horns, and said : Two points 
can have no relation but what is given by lines which join 
them, and therefore, if they have a relation independent of the 
rest of space, there must be one line joining them which they 
completely determine. Thus James says': 

> Nor In aaj sfgniiiMift whioh, IUm thoM of projeotivo Qoometiy, avoids the 
notion ol masnitndo or dlftaaoo Attogothar. II foUowi that tho propodtionf of 
prqjMtiini Ooomotiy appl^, withont nsonro, to tplMrioal tpao^ iinoe tho 
ewiptioB to tho aiion of tho otraig h t lino arises only on motrloal groiuid. 

* P i ^ f d bo k i s y t VoL nu pp. i4S— ISO. 
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"Just aa, in the field of quantity, the relation between two 
numbers is another number, so in the field of spaoe the rela- 
tions are fiusts of the same order with the fiM^ they relate - 

When we speak of the relation of direction of two points 
towards each other, we mean simply the sensatirai of the line 

that joins the two points together. The line %$ the relation 

The relation of position between the top and bottom points of 
a vertical line is that line, and nothing else." 

If I had been willing to use dus doctrine at the beginning, 
I might have avoided all discussion. A unique relation between 
two points muit in this cose, involve a unique line between 
them. But it seemed better to avoid a doctrine not universally 
accepted, the more so as I was approaching the question from 
the logical, not the psychological, side. After disposing of the 
objections, however, it is interesting to find this confirmatioii 
of the above theory from so different a standpoint. Indeed, I 
believe James's doctrine could be proved to be a logical neces- 
sity, as well as a psycholi^cal fact. For what sort of thing 
can a spatial relation between two distinct points be ? It must 
be something spatial, and it must, since points are wholly 
constituted by their relations, be something at least as real and 
tangible as the points it relates. There seems nothing which 
can satisfy these requirements, except a line joining them. 
Hence, once more, a unique relation must involve a unique 
line. That is, linear magnitude is logically impossible, unless 
space allows of curves uniquely determined by any two of their 
points. 

178. (3) But &rther, the existence of curves uniquely 
determined by two points can be deduced fi:om the nature of 
any form of externality ^ For we saw, in discussing Free 
Mobility, that this axiom, together with homogeneity and the 
relativity of position, can be so deduced, and we saw in the 
beginning of our discussion on distance, that the existence of a 
unique relation between two points could be deduced from the 
homogeneity of space. Since position is relative, we may say, 
any two points must have eame relation to each other: since 

 This step in the argiim«iit has been pot yetj briefly, einM it It a man 
repetition of the oorresponding argoment in Seetion A, and It inserted hen m^ 
for the sake of logieal eompleteneee. See % 187 ff. 



172 



FOUNDATIONS OP OfiOMBTRY. 



our form of externality is homogeneous, this relation can be 
kept unchanged while the two points move in the form, ie., 
change their relations to other points ; hence their relation to 
each other is an intrinsic relation, independent of their rela- 
tions to other points. But since our form is merely a complex 
of relations, a relation of externality must appear in the form, 
with the same evidence as anything else in the form ; thus if 
the form be intuitive or sensational, the relation must be 
immediately presented, and not a mere inference. Hence the 
intrinsic relation between two points must be a unique figure 
in our form, is. in spatial terms, the straight line joining the 
two points. 

174 (4) Finally, we have to prove that the existence of 
such a curve necessarily leads, when quantity is applied to the 
relation between two points, to a unique magnitude, which 
those two points completely determine. With this, we shall be 
brought back to distance, from which we started, and shall 
complete the circle of our argument. 

We saw, in section A § 119, that the figure formed by two 
points is projectively indistinguishable from that formed by any 
two other points in the same straight line ; the figure, in both 
cases, is, from the projective standpoint, simply the Rtraight 
line on which the two points lie. The difference of relation, in 
the two cases, is not qualitative, since projective Qeomeiry 
cannot deal with it ; nevertheless, there is some difference of 
relation. For instance, if one point be kept fixed, while the 
other moves, there is obviously some change of relation. This 
change, since all parts of the straight line are qualitatively 
alike, must be a change of quantity. If two points, therefore, 
determine a unique figure, there must exist, for the distinction 
between the various other points of this figure, a unique 
quantitative relation between the two determining points, and 
therefore, since these points are arbitrary, between only two 
points. This relation is distance, with which our aigument 
began, and to which it at least returns. 

178. To sum up : If points are defined simply by relations 
to other points, ie,, if all position is relative, evsrif point muH 
AoM to mmy other paint ono, and only one, relation independent 
of Ae reet of space. This relation is the distance between the 
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two poinii. Now a relation between two points can only be 
defined by a line joining them— nay further, it may be con- 
tended that a relation can only be a line joining them. Hence 
a unique relation inyolves a unique line, i»., a line determined 
by any two of its points. Only in a space which admits of 
such a line is linear magnitude a logically possible conception. 
But when once we have established the possibility, in general, 
of drawing such lines, and therefore of measuring linear mag- 
nitudes, we may find that a certain magnitude has a peculiar 
relation to the constitution of space. The straight line may 
turn out to be of finite length, and in this case its length will 
give a certain peculiar magnitude, the space-constant Two 
antipodal points, that is, points which bisect the entire 
straight line, will then have a relation of magnitude which, 
though unaltered by motion, is rendered peculiar by a certain 
constant relation to the rest of space. This peculiarity pre- 
supposes a measure of linear magnitude in general, and cannot, 
therefore, upset the apriority of the axiom of the straight line. 
But it destroys, for points having the peculiar antipodal rela- 
tion to each other, the aigument which proved that the relation 
between two points could not, since it was unchanged by 
motion, have reference to the rest of space. Thus it is intel- 
ligible that, for such special points, the axiom breaks down, and 
an infinite number of straight lines are possible between them ; 
but unless we had started with assuming the general validity 
of the axiom, we could never have reached a position in which 
antipodal points could have been known to be peculiar, or, 
indeed, a position which would have enabled us to give any 
quantitative definition whatever of particular points 

Distance and the straight line, as relations uniquely deter- 
mined by two points, are thus d priori neceasary to metrical 
Qeometxy. But fiirther, they are properties which must belong 
to any form of externality. Since their necessity for Geometry 
was deduced firom homogeneity and the relativity of position, 
and since these are necessary properties of any form of exter- 
nality, the same argument proves both conclusions. We thus 
obtain, as in the case of Free Mobility, a double apriority: 
The axiom of Distance, and its implication, the axiom of 
the Straight line, are, on the one hand, presujqpoeed in the 
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possibility of spatial roagnitnde, and cannot, therefore, be con- 
tradicted by any experience resulting from the measurement 
of space ; while they are consequences, on the other hand, of 
the necessary properties of any form of externality which is to 
render possible experience of an external world. 

178. In connection with the straight line, it will be con- 
venient to discuss the conditions of a metrical coordinate 
. system. The projectiye coordinate system, as we have seen, 
aims only at a conyenient nomenclature for different points, 
and can be set up without introducing the notion of spatial 
quantity. But a metrical coordinate system does much more 
than this. It defines every point quantitatively, by its quanti- 
tative spatial relations to a certain coordinate figure. Only 
when the system of coordinates is thus metrical, i.e., when 
every coordinate represents some spatial magnitude, which is 
itself a relation of the point defined to some other point or 
figure— can operations with coordinates lead to a metrical 
result When, as in projective Geometry, the coordinates are 
not spatial magnitudes, no amount of transformation can give 
a metrical result. I wish to prove, here, that a metrical coordi- 
nate system necessarily involves the straight line, and cannot, 
without a logical fiedlacy, be set up on any other basis. The 
projective system of co<3rdinates, as we saw, is entirely based on 
the straight line; but the metrical system is more important, 
since its quantities embody actual information as to spatial 
magnitudes, which, in projective Geometry, is not the case. 

In the first place, a point's metrical coordinates constitute a 
complete quantitative definition of it ; now a point can only bo 
defined, as we have seen, by its relations to other points, and 
these relations can only be defined by means of the straight 
line. Consequently, any metrical system of coordinates must ' 
involve the straight line, as the basis of its deBnitions of points. 

This d priori aigument, however, though I believe it to be 
quite sound, is not likely to carry conviction to any one per- 
suaded of the opposite. Let us, therefore, examine metrical 
coordinate systems in detail, and show, in each case, their 
dependence on the straight line. 

We have already seen that the notion of distance is im- 
possible without the straight line. We cannot, therefore, define 
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our coordinates in any of the ordinary ways, as the distances 
from three planes, lines, points, spheres, or what not Polar 
coordinates are impossible, since, — ^waiving the straightness of 
the radius vector — ^the length of the radios vector becomes 
unmeaning. Triangular coordinates involve not only angles^ 
which must in the limit be rectilinear, but straight lines, (ur at 
any rate some well-defined curt es. Now curves can <mly be 
metrically defined in two ways: Either by rektion to the 
straight line, as, a^., by the curvature at any point, or by 
purely analytical equations, which presuppose an intelligible 
sjrstem of metrical coordinates. What methods remain for 
assigning these arbitraiy values to different points? Nay, 
how are we to get any estimate of the difference — ^to avoM 
the more special notion of distance — between two points? 
The very notion of a point has become illusoiy. When we 
have a coordinate system, we may define a point by its three 
coordinates; in the absence of such a system, we may define 
the notion of point in general lA the intersection of three sur- 
faces or of two curves. Here we take surfeces and curves 
as notions which intuition makes plain, but if we wish them to 
give us a precise numerical definition of particular points, we 
must specify the kind of surface or curve to be used. Now 
this, as we have seen, is only possible when we presuppose 
either the straight line, or a coordinate system. It follows that 
every coordinate system presupposes the straight line, and is 
logically impossible without it. 

177. The above three axioms, we have seen, are A priori 
necessary to metrical Geometry. No others can be necessary^ 
since metrical systems, logically as unassailable as Euclid's^ 
and dealing with spaces equally homogeneous and equally re- 
lational, have been constructed by the metageometers, without 
the help of any other axioma The remaining axioms of Eu- 
clidean Geometry — the axiom of parallels, the axiom that the // 
number of dimensions is three, and Euclid's form of the axiom . 
of the straight line (two straight lines cannot enclose a space) — 
are not essential to the possibility of metrical Geometry, 
ie., are not dedudble from the tsucb that a science of spatial 
magnitudes is possible. They are rather to be regarded as 
empirical laws, obtained, like the empirical laws of' other 
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■ciences, by actual invefltigation of the given subject-matter — 
in this instance, experienced space. 

178. In summing up the distinctive argument of this 
Section, we may give it a more general form, and discuss 
the conditions of measurement in any continuous manifold, 
ie., the qualities necessary to the manifold, in order that 
quantities in it may be determinable, not only as to the mOre 
or less, but as to the precise how mack. 

Measurement, we may say, is the application of number 
to continua, or, if we prefer it, the transformation of mere 
quantity into number of units. Using quant/Uy to denote 
the vague more or less, and magnitude to denote the precise 
number of units, the problem of measurement may be defined 
as the transformation of quantity into magnitude. 

Now a number, to begin with, is a whole consisting of 
smaller units, all of these units being qualitatively alike. 
In order, therefore, that a continuous quantity may be ex- 
pressible as a number, it must, on the one hand, be itself 
a whole, and must, on the other hand, be divisible into 
qualitatively similar parts. In the aspect of a whole, the 
quantity is intensive'^ in the aspect of an aggregate of parts, 
it is eactenthe. A purely intensive quantity, therefore, is not 
numerable — a purely extensive quantity, if any such could be 
imagined, would not be a single quantity at all, since it would 
have to consist of wholly unsynthesized particulars. A mea- 
surable quantity, therefore, is a whole divisible into similar 
parts. But a continuous quantity, if divisible at all, must be 
injwittly divisible. For otherwiM the points at which it could 
be divided would form natural barriers, and so destroy its 
continuity. But further, it is not suflScient that there should 
be a possibility of division into mutually external parts ; while 
the parts, to be perceptible as parts, must be mutually ex- 
ternal, they must also, to be knowable as equal parts, be 
capable of overcoming their mutual externality. For this, as 
we have seen, we require superposition, which involves Free 
Mobility and homogeneity— the absence of Free Mobility in 
time, where all other requisites of measurement are fulfilled, 
renders direct measurement of time impossible. Hence infinitS! 
divisibiUty, firee mobility, and homogeneity are necessary for 
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the poiribility of measarement in any oontinaons maoifidd. 
and these, as we have seen, are equivalent to our three aziovaj 
These axioms aie neoesaaiy, therefore, not (ml/ for spatial 
measurement, but for all measurement. The only manifold 
given in experience, in which these conditions are satisfiedp is 
space. All other exact measurement — as could be proved, I 
believe, for every separate case — ^is efiTected, as we saw in the 
case of time, by reduction to a spatial correlative. This ex- 
plains the paramount importauoe, to exact science, of the 
mechanical view of nature, which reduces all phenomena to 
motions in time and space. For number is, of all conceptions^ 
the easiest to operate with, and science seeks everywhere (at 
an opportunity to apply it, but finds this opportunity only by 
means of spatial equivalents to phenomenal 

179. We have now seen in what the d priori element of 
Qeometry consists. This d pi'iori element may be defined as 
the axioms common to Euclidean and non-Euclidean spaces, 
as the axioms deducible from the conception of a form of 
externality, or — in metrical Qeometry — as the axioms required 
for the possibility of measurement. It remains to discuss, in 
a final chapter, some questions of a more general philosophic 
nature, in which we shall have to desert the firm ground of 
mathematics and enter on speculations which I put fcnrward very 
tentatively, and with little fiuth in their ultimate validity. The 
chief questions for this final chapter will be two : (1) How is 
such d priori and purely logical necessity possible, as applied 
to an actually given subject-matter like space? (2) How 
can we remove the contradictions which have haunted us in 
this chapter, arising out of the relativity, infinite divisibility, 
and unbounded extension of space ? These two questions are 
forced upon us by the present chapter, but as they open some 
of the fundamental problems of philosophy, it would be rash 
to expect a conclusive or wholly satisfiictory answer. A few 
hints and suggestions may be hoped for, but a complete solutioo 
could only be obtained firom a complete philosophy, of which 
the prospects are Amt too slender to encourage a confident 
fimme of mind. 

1 Of. Haantqiiln, XmsI sriUqiM mv ll^jpolhlM dis stooMib -VlHii, ISSS; 
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CHAPTER IV. 

PHILOSOPHICAL OONSXQUENCES. 

180. In the present chapter, we have to discuss two ques- 
tions which, though scarcely geometrical, are of fundamental 
importance to the theory of Geometry propounded above. The 
first of these questions is this : What relation can a purely 
logical and deductive proof, like that from the nature of a form 
of externality, bear to an experienced subject-matter such as 
space ? You have merely framed a general conception, I may 
be told, containing space as a particular species, and you have 
then shown, what should have been obvious from the beginning, 
that this general conception contained some of the attributes 
of space. But what ground does this give for regarding these 
attributes as d priori ? The conception Mammal has some of 
the attributes of a horse ; but are these attributes therefore d 
priori adjectives of the horse? The answer to this obvious 
objection is so di£Scult, and involves so much general philo- 
sophy, that 1 have kept it for a final chapter, in order not to 
interrupt the argument on specially geometrical topics. 

181. I have already indicated, in general terms, the ground 
for regarding as A priori the properties of any form of ex-, 
temality. This ground is transcendental, ie. it is to be found in 
the conditions required for the possibility of experience. The 
form of externality, like Biemann's manifolds, is a general class- 
conception, including time as well as Euclidean and non- 
Eudidean spaces. It is not motived, however, like the manifolds, 
by a quantitative resembhince to space, but by the fact .that- 
it fulfils, if it has more than one dimension, all those functions 
which, in our actual world, are fulfilled by space. But a form 
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/| of extenuJiiy, in oider to aocomplish ihis, most be, not a mere 

ooDoeptioD, bat an actually experienced intuition. Hence the 
conception of such a (omn is the general eoneeptiont containiiig 
under it ereiy logically possible intuUian which can fulfil the 
fiinctii» actually fulfilled by space. And this function ia, to 
render possible experience of diverse but interrelated thingSw 
Some flMrm in sense-percepti<m, then, whose conception is 
included under our form of externality, is d priori necessary to 
experience of diversity in relation, and without experience of this^ . 
we should, as modem logic shows, have no experience at alL 
This still leaves untouched the relation of the d priori to the 
subjective : the form of externality is necessary to experience, 
but is not, on thai aecounit to be declared purely subjective. Of 
course, necessity for experience can only arise from the nature 
of the mind which experiences ; but it does not follow that the 
necessary conditions could be fulfilled, unless the objective j 
world had certain properties. The ground of necessity, we may / 
safely say, arises firom the mind ; but it by no means follows \ 
that the truth of what is necessary depends only on the con- 
stitution of the mind. Where this is not the case, our condu- ' 
sion, when a piece of knowledge has been declared d priori, 
can only be : Owing to the constitution of the mitid, experience 
will be impossible unless the world accepts certain adjectives. 

Such, in outline, will be the ajgument of the first half of 
this chapter, and such will be the justification for regarding 
as d priori those axioms of Geometry, which were deduced 
above from the conception of a form of externality. For these 
axioms, and these only, are necessarily true of any world in 
which experience is possible. 

182\ The view suggested has, obviously, much in common 
with that of the Transcendental Aesthetic. Indeed the whole . 

^ of it, I believe, can be obtained by a certain limitation and 

interpretation of Kant's classic arguments. But as it differs, 
in many important points, firom the conclusions aimed at by 
Kant, and as the agreement may easily seem greater than it -is, 

i I will begin by a brief comparison, and endeavour, by reference 

•^ > Compare, with the foUowing pengnphe, the sdmimMe dleewirioii ia 

Mr Hobhooee'e Theoiy of Knowledge (Methven 1S96), Fkrt i. Chapter n. 
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to MithoritatiTe criticisins, to establish the legitimacy of my 
diveigeiioe from him. 

188. In th« first place, the psychological element is much 
laiger in Kant's thesis than in mine. I shall contend, it is true, 
that a form of externality, if it is to do its work, must not be 
a mere conception or a mere inference, but must be a given 
element in sense-perception — ^not, of course, originally given in 
isolation, but discoverable, through analysis, by attention to 
the object of sense-perception*. But Kant contended, not only 
that this element is given, but also that it is subjective. Space, 
for him, is, on the one hand, not conceptual, but on the other 
hand, not sensational. It forms, for him, no part of the data of 
sense, but is added by a subjective intuition, which he regards 
as not only logically, but psychologically, prior to objects in 
space*. 

This part of Kant's argument is wholly irrelevant for us. 
Whether a form of externality be given in sense, or in a pure 
intuition, is for us unimportant, since we neglect the question 
as to the connection of the d priori and the subjective ; while 
the temporal priority of space to objects in it has been gene- 
rally recognized as irrelevant to Epistemology, and has often 
been regarded as forming no part of Kant's thesis '. If we call 
intuitional whatever is given in sense-perception, then we may 
contend that a form of externality must be intuitional; but 
whether it is a pure intuition, in Kant's sense, or not, is 
irrelevant to us, as is its priority to the objects in it. 

That the non-sensational nature of space is no essential part 
of Kant's logical teaching, appears from an examination of his 
aigument. He has made, in the introduction, the purely 
logical distinction of matter and form, but has given to this 
distinction, in the very moment of suggesting it, a psycho- 
logical implication. Tliis he does by the assertion that the 
form, in which the matter of soDsations is ordered, cannot 
itself be sensational. From this assumption it follows, of course, 
that space cannot be sensational But the assumption is 
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totally unsappoited by argament^ being set forth, apparently, 
as a sel^evident axiom; it has been severely criticized by 
Stompf ^ and others', and has been described by Vaihinger as a 
&tal pMio prtneipii*; it is irrelevant to the logical aigament, 
when this argument is separated, as we have separated it^ from 
all connection with psychological subjectivity; and finally, it 
leaves us a prey to psychological theories of space, which have 
seemed, of lato, but little fiivourable to the pure Kantian 
doctrine. 

184. We have a right, therefore, in an epistomological 
inquiry, to neglect Kant's psychological teaching — ^in so far, 
at any rato, as it distinguishes spatial intuition from sensation 
— and attond rather to the logical aspect alone. That part of 
his psychological teaching, which maintains that space is not a 
mere conception, is, with certain limitations, sufficiently evident 
as applied to actual space ; but for us, it must be transformed 
into a much more difficult thesiB, namely, that no form of ! 
eztomality, which renders experience of diversity in relation 
possible, can be merely conceptual. This question, to which we 
must return lator, is no longer psychological, but belongs wholly 
to Epistemology. 

186. What, then, remains the kernel, for our purposes, of 
Kant's first argument for the apriority of space ? His aigu- 
ment, in the form in which he gave it, is concerned with the 
eccentric projection of sensations. In order that I may refer 
sensations, he says, to something outside myself, I must already 
have the subjective space-form in the mind. In this shape, as 
Vaihinger points out (Commentar, IL pp. 69, 165), the argu- 
ment rests on a petitio principit, for only if sensations are 
necessarily non-spatial does their projection demand a subjec- 
tive space-form. But, further, is the logical apriority of space 
concerned with the externality of things to ourselves ? 

Space seemi to perform two functions: on the one hand, x^ 
it reveals things, by the eccentric projection of sensations^ I ; 
as external to the ^elC while, on the other hand, it reveals 
simultaneously presented things as mutually extemaL These 

1 Unpmag der BaimiTorttdliiiig, pp. 19—80. 

* Bee the nfuvneet in Yafliiiiger't CooiiiMnlir, n. p. 76ff. 

* Commenter, n. p. 71 ff. 
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two fimctioD8» though often treated as ooordinate and almost 
I equivalents seem to me widely different. Before we discuss 
the apriority of space, we must carefully distinguish, I think, 
between these two functions, and decide which of them we are 
to aigue about 

Now externality to the Self, it would seem, must necessarily 
raise the whole question of the nature and limits of the Ego, 
and what is more, it cannot be derived from spatial presentation, 
unless we give the Self a definite position in space. But things 
acquire a position in space only when they can appear in sense- 
perception; we are forced, therefore, if we adopt this view of 
the function of space, to regard the Self as a phenomenon 
L presented to sense-perception. But this reduces externality to 

the Self to externality to the body. The body, however, is a 
presented object like any other, and externality of objects to it 
is, therefore, a special case of the mutual externality of presented 
things. Hence we cannot regard space as giving, primarily at 
any rate, externality to the Self, but only the mutual externality 
of the things presented to sense-perception'. 

186. This, then, is the kind of externality we are to expect 
from space, and our question must be : Would the existence of 
diverse but interrelated things be unknowable, if there were 
not, in sense-perception, some form of externality ? This is the 
cntcial question, on which turns the apriority of our form, and 
hence of the necessary axioms of Geometry. 

187. The converse argument to mine, the aigument frx)m 
'\ the spatio-temporal element in perception to a world of inter- 
related but diverse things, is developed at length in Bradley's 
Logic. It is put briefly in the following sentence (p. 44, note): 

f "If space and time are continuous, and if all appearance must 

occupy some time or space — and it is not hard to support both 
these fA«90S9— we can at once proceed to the conclusion, no mere 
particular exists. Every phenomenon will exist in more times 
or spaces than one; and against that diversity will be itself an 
universal*/' The importance of this fact appears, when we 
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oonskler that, if any nMiv particalar existed, all jadgment and 
inference as to that particular would be impoflsible, sinoe all 
judgment and inference necessarily operate by means of uni* 
▼ersals. But all reality is constructed from the TAif of immediate 
presentation, from which judgment and ' inference necessarily 
spring. Owing, however, to the continuity and relativity of 
space and time, no This can be regarded either as simple or as I 
self-subsistenl Every 7%tif, on the one hand, can be analysed 
into Tkisei, and on the other hand, is found to be necessarily 
related to other things, outside the limits of the given object 
of sense-perception. This function of space and time ia pre- 
supposed in the following statement from Bosanquet's Logic 
(VoL L pp. 77 — 78): "Reality is given for me t» present 
sensuous perception, and in the immediate feeling of my own 
sentient existence that goes with it The real world, as a 
definite oiganized system, is /or ms an extension of this present 
sensation and self feeling by means of judgment^ and it is the 
essence of judgment to effect and sustain such an extension... 
The subject in every judgment of Perception is some given spot 
or point in sensuous contact with the percipient self But, as 
all reality is continuous, the subject is not merdy this given 
spot or point" 

188. This doctrine of Bradley and Bosanquet is the 
converse of the epistemological doctrine I have to advocate. 
Owing to the continuity and relativity of space and time, they n 
say, we are able to construct a systematic world, by judgment \ 
and inference, out of that fragmentary and }et necessarily 
complex existence which is given in sense-perception. My 
contention is, conversely, that since all knowledge is necessarily 
derived by an extension of the Thii of sense-perception, and i 
since such extension is only possible if the Thi$ has that r 
fragmentary and yet complex character conferred by a form of 
externality, therefore some form of externality, given with the 
This, is essential to all knowledge, and is thus logically A priori 
Bradley's argument, if sound, already proves this oontenti<m; 
for while, on the one hand, he uses no properties of space and 
time but those which belong to every form of externality, he 
proves, on the other hand, that judgment and inference require 
the 2%ts to be neither single nor self-subsistent Bui I will 
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endeavour, once the point is of fiindamental importance, to 
reproduce the proof, in a form more suited than Bradley's to 
the epistemological question. 

189. The essence of my contention is that, if experience is 
to be possible, eveiy sensational Thi$ must, when attended to, 
be found, on the one hand, resolvable into 2%tMf, and on the 
other hand dependent, for some of its adjectives, on external 
reference. The second of these theses follows from the first, 
for if we take one of the Tki§e8 contained in the first This, we 
get a new Thi$ necessarily related to the other Tki§e8 which 
make up the original Thii. I may, therefore, confine myself to 
the first proposition, which affirms that the object of perception 
must contain a diversity, not only of conceptual content, but of 
existence, and that this can only be known if sense-perception 
contains, as an element, some form of externality. 

Hy premiss, in this aigument, is that all knowledge involves 
a recognition of diversity in relation, or, if we prefer it, of 
identity in difference. This premiss I accept from Logic, as 
\ resulting fit)m the analysis of judgment and inference. To 
prove such a premiss, would require a treatise on Logic; I 
must refer the reader, therefore, to the works of Bradley and 
Bosanquet on the subject. It follows at once, from my premiss, 
that knowledge would be impossible, unless the object of 
attention could be complex, ie. not a mere particular. Now 
could the mental object-— is., in this connection, the object of 
a cognition — ^be complex, if the object of immediate perception 
were always simple f 

190. We might be inclined, at first sight, to answer this 
question affirmatively. But several difficulties,!^ think, would 
prevent such an answer. In the first place, knowledge must 
start from perception. Hence, either we could have no know- 
ledge except of our present perception, or else we must be able 
to contrast and compare it with some other perception. Now 
in the first case, since the present perception, by hypothesis, is 
a mere particular, knowledge of it is impossible, according to 
our premiss. But in the second case, the other perception, 
with which we compare our first, must have occurred at some 
other time, and with time, we have at once a form of ex- 
ternality. But what is more, our present perception is no 
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longer a mere partioalAr. For the power of comparing it with 
another perception involves a point of identity between the 
two, and thus renders both complex. Moreover, time most be 
continnous, and the present, as Bradley points out, is no mere 
point of time*. Thus our present perception contains the 
complexity involved in duration throughout the specious pre- 
sent: its mere particularity and its simplicity are lost Its 
self-subsistence is also lost, for beyond the specious present, He 
the past and the future, to which our present perception thus 
unavoidably refers us. Time at least, therefore, is essential to 
that identity in difference, which all knowledge postulates. 

191. But we have derived, from all this, no ground for 
affirming a multiplicity of real things, or a form of externality 
of more than one dimension, which, we saw, was neoessaiy for 
the truth of two out of our three axioms. This brings us to 
the question : Have we enough, with time al<me as a form isi. 
externality, for the possibility of knowledge ? 

This question we must, I think, answer in the negative. 
With time alone, we have seen, our presented object must be 
complex, but its complexity must, if I may use such a phrase, 
be merely adjectival. Without a second form of externality, 
only one thing can be given at one moment', and this one 
thing, therefore, must constitute the whole of our world. The 
object of past perception must — since our one thing has nothing 
external to it, by which it could be created or destroyed — ^be 
regarded as the same thing in a different state. The com- 
plexity, therefore, will lie only in the changing states of our 
one thing — it will be adjectivaJ, not substantival. Moreover we 
have the foUc^ring dilemma: Either the one thing must be 
ourselves, or else self-consciousness could never arise. But the 
chief difficulty of such a world would lie in the changes of the 
thing. What could cause these changes, smce we should know 
of nothing external to our thing ? It would be like a Leibnitzian 
monad, without any Qod outside it to prearrange its changes. 
Causality, in such a world, could not be applied, and change 
would be wholly inexplicable. 

1 Logic, p. 61 ff. * 

• For the TMf, on rach % hypothMii, hM a puralj tH^NmU oo mp l w i ^ , 
If not roMlTaUo into eoeiisftliig ThUu, 
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Hence we require also the poBsibility of a diyersity of 
simultaneously existing things, not merely of successive adjec- 
tives; and this, we have seen, cannot be given by time alone, 
but only by a form of externality for simultaneous parts of one 
presentation. We could never, in other words, infer the 
existence of diverse but inteirelated things, unless the object 
of sense-perception could have substantival complexity, and for 
such complexity we require a form of externality other than 
time. Such a form, moreover, as was shown in Chapter m.. 
Section A (| 136), can only fulfil its functions if it has more 
than one dimension. In our actual world, this form is given 
by space ; in any world, knowable to beings with our laws of 
thought, some such form, as we have now seen, must be given 
in sense-perception. 

This aigument may be briefly summed up, by assuming the 
doctrine of Bradley, that all knowledge is obtained by inference 
from the This of sense-perception. For, if this be so, the 
Th%9 — ^in order that inference, which depends on identity in 
difference, may be possible at all — must itself be complex, and 
must, on analysis, reveal adjectives having a reference beyond 
itself But this, as was shown above, can only happen by 
means of a form of externality. This establishes the A priori 
axioms of Oeometry, as necessarily having existential import 
and validity in any intelligible world. 

192. The above argument, I hope, has explained why I 
hold it possible to deduce, from a mere conception like that of 
a form of externality, the logical apriority of certain axioma as 
to experienced space. The Kantian aigument — which was 
correct, if our reasoning has been sound, in asserting that real 
diversity, in our actual world, could only be known by the help 
of space — ^was only mistaken, so fiir as its purely logical scope 
extends, in overiooking the possibility of other forms of 
extemiality, which could, if they existed, perform the same task 
with equal eflScienoy. In so far as space differs, therefore, 
from these other conceptions of possible intuitional forms, it is 
a n^ere experienced fiiot, while in so far as its properties are 
those which all such forms must have, it is d priori necessary 
to the possibility of experience. 

I cannot hope, howeveTi that no difficulty will remain, for 
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the reMJer, in such a deduction, from abstract conoeptions, of 
the properties of an actual dahim in sense-perception. Lei 
us consider^ for example, such a property as impenetrsbilitjr. 
To suppose two things simultaneously in the same position 
in a form of externality, is a logical contradictian ; but csn we 
say as much of actual space and time? Is not the impos- 
sibility, here, a matter of experience rather than of logic ? Not 
if the above argument has been sound, I reply. For in thai 
case, we infer real diversity, tks. the existence of different things^ 
only from difference of position in space or time. It follow8» 
that to suppose two things in the same point of space and 
time, is still a logical contradiction: not because we have 
constructed the data of sense out of logic, but because logic 
is dependent, as regards its application, on the nature of these 
data. This instance illustrates, what I am anxious to make 
plain, that my argument has not attempted to construct the 
living wealth of sense-perception out of "bloodless categories," 
but only to point out that, unless sense-perception contained 
a certain element, these categories would be poweriess to 
grapple with it. 

193. How we are to account for the fortunate realizati<m 
of these requirements — whether by a pre-established harmony, 
by Darwinian adaptation to our environment, by the sub- 
jectivity of the necessary element in sense-perception, or by 
a fundamental identity and unity between ourselves and the 
rest of reality — is a further question, belonging rather to 
metaphysics than to our present line of ailment. The A 
priori, we have said throughout, is that which is necessary for 
the possibility of experience, and in this we have a purely 
1 logical criterion, giving results which only Logic and Epi* 

I stemology can prove or disprove. What is subjective in ez- 

P perience, on the oontnuy, is primarily a question for psychology, 

and should be decided on psychological grounds alone. When 
these two questions have been separately answered, but not 
^1 till then, we may fiame theories as to the connection of the d 

'S priori and the subjective; to allow such theories to influence 

our decision, on either of the two previous questions^ is liable, 
surely, to confuse the issue, and prevent a dear discrimination 
ll^ between fundamentally different points of view. 

» 
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194. I oome now to the aeoond question with which this 
ehapter has to deal, the question, namely: What are we to 
do with the contradictions which obtruded themselves in 
Chapter UL, whenever we came to a point which seemed 
fundamental ? I shall treat this question briefly, as I have 
little to add to answers with which we are all fisimiliar. I 
have only to prove, first, that the contiadictions are inevitable, 
and therefore form no objection to my argument; secondly, 
that the first step in removing them is to restore the notion 
of matter, as that which, in the data of sense-perception, is 
localized and interrelated in space. 
. 196. The contradictions in space are an ancient theme — 
' as ancient, in fact, as Zeno's refutation of motion. They are, 
roughly, of two kinds, though the two kinds cannot be sharply 
divided. There are the contradictions inherent in the notion 
of the continuum, and the contradictions which spring from 
the fiact that space, while it must, to be knowable, be pure 
relativity, must also, it would seem, since it is immediately 
experienced, be something more than mere relations. The 
first class of contradictions has been encountered more fre- 
quently in this essay, and is also, I think, the more definite, 
and the more important for our present purpose. I doubt, 
however, whether the two classes are really distinct; for any 
continuum, I believe, in which the elements are not data, but 
intellectual constructions resulting from analysis, can be shown 
to have the same relational and yet not wholly relational cha- 
racter as belongs to space. 

The three following contradictions, which I shall discuss 
successively, seem to me the most prominent in a theory 
of Geometry. 

(1) Though the parts of space are intuitively distin- 
guished, no conception is adequate to differentiate them. 
Hence arises a vain search for elements, by which the dif- 
ferentiation could be accomplished, and for a whole, of which 
the parts of space are to be components. Thus we get the 
point, or sero extension, as the spatial element, and an infinite 
regress or a vicious circle in the search for a whole. 

(2) All positions being relative, positions can only be 
defined by their relati<ms, is. by the straight lines or planes 
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throagh them ; but straight lines and planes, being all quali- 
tatively similar, can only be defined by the positionB they 
relate. Henoe, again, we get a vicious circle. 

(8) Spatial figures must be regarded as relations. But a 
relation is necessarily indivirible, while spatial figures are 
necessarily divisible ad infinitum, 

198. (1) Paints. The antinomy of the point — which 
^ arises wherever a continuum is given, and elements have to be 

sought in it— KB fundamental to Geometry. It has been given, 
perhaps unintentionally, by Veronese as the first axiom, in the 
form : '' There are different points. All points are identical " ^ 
(op. di. p. 226X We saw, in discussing projective Geometry, 
that straight lines and planes must be regarded, <m the one hand 
as relations between points, and on the other hand as made up 
of points^ We saw again, in dealing with measurement^ how 
space must be regarded alB infinitely divisible, and yet as mere 
relativity. But what is divisible and consists of ports, as space 
does, must lead at last, by continued analysis, to a simple and 
unanalyzable part, as the unit of differentiation. For whatever 
can be divided, and has parts, possesses some thinghood, and 
must, therefore, contain two ultimate units, the whole namely, 
and the smallest element possessing thinghood. But in space 
this is notoriously not the case. After hypostatizing space, as \ 
* Geometry is compelled to do, the mind imperatively demands \ 

elements, and insists on having them, whether possible or not. 
Of this demand, all the geometrical applications of the infin- 
itesimal calculus are evidence'. But what sort of elements da 
we thus obtain? Analysis, being unable to find any earlier / 
halting-place, finds its elements in points, that is, in zero quanta 
of space. Such a conception is a palpable contradiction, only 
rendered tolerable by its necessity and fiimiliarity. A point . 
must be spatial, otherwise it would not fulfil the fimction of a \ 
spatial element ; but again it must contain no space, for any \ 
finite extension is capable of further analysis. Points caa 
never be given in intuition, which has no concern with the 
infinitesimal : they are a purely conceptual constructicm, arising^ / 

A Oluiptar ni. SeotUm A, (§ 181). 

> Of. Hanneqiiin, StMi oritiqiM nir ll^SFpoilite dm stomti, Piifa ISOi, 
dunp, I. Beolioii in.; aipeouUj p. 48. 
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oat of the need of terms between which spatial relations can 
hokL If space be more than relativity, spatial relations must 
inyolTo spatial relata; but no relata appear, until we have 
analysed our spatial data down to nothing. The contradictory 
notion of the point, as a thing in space without spatial 
magnitude, is the only outcome of our search for spatial 
relata. This rtdueHo ad abturdwn surely suffices, by itself, to 
prove the essential relativity of space. 

197. Thus Geometry is forced, since it wishes to regard 
space as independent, to hypostatise its abstractions, and 
therefore to invent a self-contradictory notion as the spatial 
element A similar absurdity appears, even more obviously, in 
the notion of a whole of space. The antinomy may, therefore, 
be stated thus: Space, as we have seen throughout, must, if 
knowledge of it is to be possible, be mere relativity ; but it 
must also^ if independent knowledge of it, such as Geometry 
seeks, is to be possible, be something more than more relativity, 
since it is divisible and has parts. But we saw, in Chap, iii.. 
Section A (§ 133) that knowledge of a form of externality roust 
be logically independent of the particular matter filling the 
form. How then are we to extricate ourselves from this 
dilemma? 

The only way, I think, is, not to make Geometry dependent 
00 Physics, which we have seen to be erroneous', but to give 
every geometrical proposition a certain reference to matter in 
general. And at this point an important distinction must be 
made. We have hitherto spoken of space as relational, and 
of spatial figures as relations. But space, it would seem, is 
rather relativity than relations — itself not a relation, it gives 
the bare possibility of relations between diverse things". As 
applied to a spatial figure, which can only arise by a difieren- 
tiation of space, and hence by the introduction of some 
differentiating matter, the word relation is, perhaps, less 
misleading than any other; as applied to empty undifferen- 
tiated space, it seems by no means an accurate description. 

But a bare possibility cannot exist, or be given in sense- 
perception I What becomes, then, of the arguments of the 

^ Sm OhapUr n. i OSfl. 
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I 

I fint part of this ehapterl I reply, it is not empty space, bat 

spatial figures, which sense-peroeption reyeals, and spatial 
figures, as we have just seen, inTolre a differentiation of space, 

f * and therefore a reference to the matter which is in space. It 
is spatial figures^ also, and not empty space, with which 
Qeometiy has to deal Tho antinomy discussed above arises . \ 

f then-HM> it would seem — ^from the attempt to deal with empty / / 

space, rather than with spatial figures and the matter to which 
they necessarily refer. 

198. Let us see whether, by this change, we can overcome 
the antinomy of the point Spatial figures, we shall now say, 

/ are relations between the matter which differentiates empty 

space. Their divisibility, which seemed to contradict their 
relational character, may be explained in two ways: first, as 
holding of the figures considered as parts of empty space, which 
is itself not a relation; second, as denoting the possibility 
of continuous change in the relation expressed by the spatial 
figure. These two ways are, at bottom, the same ; for empty 
space is a possibility of relations, and the figure, when viewed 

f in connection with empty space, thus becomes a poB$iUe relation, 

with which other possible relations may be coutrasted or 
compared. But the second way of regarding divisibility is the 
better way, since it introduces a reference to the matter which 
differentiates empty space, without Which, spatial figures, and 
therefore Geometry, could not exist. It is empty space, then — t 
so we must conclude— which gives rise to the antinomy in i 
• question ; for empty space is a bare possibility of relations, 
undifferentiated and homogeneous, and thus wholly destitute 
of parts or of thinghood. To speak of parts of a possibility is 
nonsense ; the parts and differentiaticms arise only thronj^ a 
reference to the matter which is differentiated in space. 

199. But what nature must we ascribe to this matter, 
which is to be involved in all geometrical propositions? In 
criticiadng Helmholtz (Chap. ir. § 73), it may be remembered, 

; we decided that Geometry refers to a peculiar and abstract 
; kind of matter, which is not regarded as possessing any causal 
; qualities, as exerting or as subject to the action of foroes. And 
I this is the matter, I think, which we require for the needs of 
i| the moment. Not that we afiirm, of course, that actual matter 
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can be destitute of the properties with which Physics is cogni- 

santy but that we abstract from these properties, as being 

iirelevaut to Geometry. All that we require, for our immediate 

purpose, is a subject of that diversity which space renders 

possible, or terms for those relations by which empty space, if 

space is to be studied at all, must be differentiated. But how 

must a matter, which is to fulfil this function, be regarded ?, 

I Empty space, we have said, is a possibility of diversity in 

s \ relation, but spatial figures, with which Geometry necessarily 

^ deals, are the actual relations rendered possible by empty space. 

o Our matter, therefore, must supply the terms for these relations. 

«{l. It must be differentiated, since such differentiation, as we have 

s : seen, is the special work of space. We must find, therefore, 

ji «, in our matter, that unit of differentiation, or atom', which in 

^ t space we could not find. This atom must be simple, ie, it 

i ^ must contain no real diversity; it must be a TliU not resolvable 
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into 3%ifM. Being simple, it can contain no relations within 
itself, and consequently, since spatial figures are more relations, 
it cannot appear as a spatial figure; for every spatial figure 
involves some diversity of matter. But our atom roust have 
! ) ^ spatial relations with other atoms, since to supply terms for 
^\\ these relations is its only function.^ It is also capable of having 
^ these relations, since it is differentiated from other atoms. 
Hence we obtain on unextended term for spatial relations, 
I precisely of the kind we require. So long us we sought this 
rM term without reference to anything more than space, the self- 

^^ contradictoiy notion of the point was the only outcome of our 

>_ search ; but now that we allow a reference to the matter diffe- 

rentiated by space, we find at once the term which was needed, 
/ ^ ; namely, a non-spatial simple element, with spatial relations to 

j ^ other elements. To Geometry such a term will appear, owing 

I ^ to its spatial relations, as a point ; but the contradiction of the 

point, as we now see, is a result only of the undue abstraction 
with which Geometry deals. 

. 200. (2) Th$ circle in the definitum of straight lines and 

planes. This difficulty need not long detain us, since we have 

already, with the material atom, broken through the relativity 

which caused our drole. Straight lines, in the purely geometrical 

* TIUastosi,iifoottM,mMliiolbtooiif(niiidsdwithaMStomofGliemi^ 
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procedure, are defined only by points, and points only by 
straight lines. Bat points, now, are replaced by material 
f atoms: the duality of points and lines, therefore, has disap- 
^ peared, and the straight line may be defined as the spatial 
relation between two unoxtended atoms. These atoms have 
spatial acyootives, derived from their relations to other atoms ; 
but they have no intrimio spatial adjectives, such as could 
belong to thorn if they had extension or figure. Thus straight 
Hues and pianos are the true spatial units, and points result 
only from the attempt to find, within space, those terms for 
spatial relations which exist only in a more than spatial 
matter. Straight lines, planes and volumes are the spatial • 
relations between two, three or four unexteuded atoms, and ,, 
points are a merely convenient geometrical fiction, by which 
possible atoms are replaced. For, since space, as we saw, is a - 
possibility, Oeoinetry deals not with actually realized spatial 
relations, but with the whole scheme of possible relations. 

801. (3) Space is at ones relational and dioiv titan re- 
lationai. We have already touched on the question how far 
space is other than relations, but as this question is quite 
fundamental, as relation is an ambiguous and dangerous word, 
as I have made constant use of the relativity of space without 
attempting to define a relation, it will be necessary to discuss 
this antinomy at length. 

202. Now for this discussion it is essential to distinguish | 
clearly between empty space and spatial figures. Empty | 
space, as a form of externality, is not actual relations, but ] 
the possibility of relations: if we ascribe existential import 
to it, as the ground, in reality, of all diversity in relation, we at j 
once have space as something not itself relations, though giving 
the [>ossibility of all relations. In this sense, space is to be 
distinguished from spatial order. Spatial order, it may be said» 
presupposes space, as that in which this order is possible. Thus 
Stumpf saysM " There is no order or relation without a positive 
absolute content, underlying it, and making it possible to oider 
anything in this manner. Why and how should we otherwise 
distinguish one order from another?. ..To distinguish different 
orders from one another, we must everywhere recognize a 

* Unpmiig der RftumvofsteUnng, p. 15. 
B. O. 13 
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. ^ ). f paitioalar absokte content, in relation to which the order takes 
I; ^ ^ I place. And so space, too, is not a mere order, but just that 
\;>./J>v'^^^iA.'« bjr which the spatial order, side-by-sideness (Nebeneinander) 
I I cUstinguishes itself from the rest." 

Hay we not, then, resolve the antinomy very simply, by a 
reference to this ambiguity of space ? Bradley contends (Ap- 
pearance and Reality, pp. 86-7) that, on the one hand, space 
' has parts, and is therefore not mere relations, while on the 
other hand, when we try to say what these parts are, we find 
them after all to be mere relatione. But cannot the space 
which has parts be regarded as empty space, Stumpfs absolute 
underlying content, which is not mere relations, while the parts, 
in so far as they turn out to be mere relations, are those rela- 
tions which constitute spatial order, not empty space ? If this 
can be maintained, the antinomy no longer exists. 

But such an explanation, though I believe it to be a first 
step towards a solution, will, I fear, itself demand almost as 
much explanation as the original difficulty. For the connection 
of empty space with spatial order is itself a question full of 
difficulty, to be answered only after much labour. 

SOS. Let us consider what this empty space is. (I speak 
of '* empty " space without neccHsarily implying the absence of 
matter, but only to denote a space which is not a mere 
order of material rihings.) Stumpf regards it as given in sense ; 
Kant, in the last two aiguments of his metaphysical deduction, 
argues that it is an intuition, not a concept, and must be 
' known before spatial order becomes possible. I wish to main- 
tain, on the contFsry, that it is wholly conceptual ; that space is 
j ^. given only as spatisJ order; that spatial relations, being given, 

appear as more than mere relations, and so become hyposta- 
"t.^ i tiled ; that when hypostatised, the whole collection of them is 

regarded as contained in empty space; but that this empty 
space itself, if it means more than the logical possibility of 
space-relations, is an unnecessary and self-contradictory as- 
sumption. Let us begin by considering Kant's aiguments on 
this point 

Leibnits had affirmed that space was only relations, while 
Newton had maintained the objective reality of absolute space. 
Kant adopted a middle course: he asserted absolute space, but 
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regarded it as puieljr aabjeetive. The asaertion of absolate 
space is the object of his second argument ; for if space were 
mere relations between things, it woald necessarily disappear 
with the disappearance of the things in it ; bat this the second 
argument denies\ Now spatial order obviously does disappear 
with matter, but absolute or empty space may be supposed to 
remain. It is this, then, which Kant is aiguing about, and it is 
this which he affirms to be a pure intuition, necessarily pre- 
supposed by spatial order*. 

S04. But can we agree in regarding empty space, the 
" infinite given whole," as really given 7 Must we not, in spite 
of Kant's aigument, regard it as wholly conceptual ? It is not 
required, in the first place, by the aigument of the first half of 
this chapter, which required only that every Th%9 of sense- 
perception should be resolvable into Tliiaet, and thus involved 
only an oitler among Tliiiet, not anything given originally 
without reference to them at alL In the second pkice, Kant'a 
two aiguments' designed to prove that empty space is not 
conceptual, are inadequate to their purpose. The argument 
that the parts of space are not contain^ undm' it, but in it, 
proves certainly that space is not a general conception, of which 
spatial figures are the instances ; but it by no means follows 
that empty space is not a conception. Empty space is un- 
differentiated and homogenous; parts of space, or spatial 
figures, arise only by reference to some differentiating matter, 
and thus belong rather to spatial order than to empty space. 
If empty space be the pre-condition of spatial order, we cannot 
expect it to be connected with spatial relations as genus with 
species. But empty space may nevertheless be a universal 
conception ; it may be related to spatial order as the state to 
the citizens. These are nbt instances of the state, but are 
contained in it; they also, in a sense, presuppose it, for a man 
can only become a citizen by being related to other citizens in 
a stated 

> See Yuhioger'e Oommentor, n. pp. 1S9— 190. 
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The uniqueness of space, again, seems hardly a valid argu- 
ment for its intuitional nature; to regard it as an argument 
implies, indeed, that all conceptions are abstracted from a series 
of instances — a view which has been criticized in Chapter II. 
(§ 77), and need not be further discussed here^ There is no 
ground, therefore, in Kant's two arguments for the intuitional 
nature of empty space, which can be maintained againi^t 
criticism. 

206. Another ground for condemning empty space is to 
be found in the mathematical antinomies. For it is no solution, 
as Lotase points out (Metaphysik, Bk. ii. Chap. I., § 106), to 
regard empty space as purely subjective: contradictions in a 
necessary subjective intuition form as great a difficulty as in 
an3rthing else. But these antinomies arise only in connection 
with empty space, not with spatial order as an aggregate of 
relations. For only when space is regarded as possessed of some 
tibinghood, can a whole or a true element be demanded. This 
we have seen already in connection with the Point. When 
space is regarded, so fiur as it is valid, as only spatial order, 
unbounded extension and infinite divisibility both disappear. 
What is divided is not spatial relations, but matter; and if 
matter, as we have seen that Geometry rcquires, consists of 
nnextended atoms wioh spatial relations, there is no reason to 
regard matter either as infinitely divisible, or as consisting of 
atoms of finite extension. 

206. But whence aiises, on this view, the paradox that we 
cannot but regard space as having more or less thinghood, and 
as divisible od infinitum ? This must be explained, I think, as 
a psychological illusion, unavoidably arising from the fact that 
spatial relations are immediately presented. They thus have 
a peculiar psychical quality, as immediate experiences, by which 
quality they can be distinguished from time-relations or any 
other order in which things may be aiTanged. To Stumpf) 
whose problem is psychological, such a psychical quality would 
constitute an absolute underlying content, and would fully 
justii^ his thesis ; to us, however, whose problem is epistemo- 
logical, it would not do so, but would leave the meaning of the 
spatial element in sense-perception bee from any implication 

* DC YaiUaftr*! Oommi&Ur, n, p. a07. 



PHIL080PHICAL C0NSIQUKNCB8. 197 

of an absolute or empty space \ May we not, then, abandon 
empty space, and say: Spatial order consists of felt relations, 
and qud felt has, for Psychology, an existence not wholly 
resolvable into relations, and unavoidably $eeming to be more ; 
than mere relations. But when we examine the information, '• 
as to space, which we derive from sense-perception, we find I 
ourselves plunged in contradictions, as soon as we allow this I 
information to consist of more than relations. This leaves 
spatial order alone in the field, and reduces empty space to a 
mere name for the logical possibility of spatial relations. 

207. The apparent divisibility of the relations which con- 
stitute spatial order, then, may bo explained in two ways, 
though those are at bottom equivalent. We may. take the 
relation as considered in connection with empty space, in which 
case it becomes more than a relation ; but being finlsely hypo- 
statized, it appears as a complex thing, necessarily composed of 
elements, which elements, however, nowhere emei^ge until we 
analyze the pseudo-thing down to nothing, and arrive at the 
point. In this sense, the divisibility of spatial relations is an 
unavoidable illusion. Or again, we may take the relation in 
connection with the matei-ial atoms it relates. In this case, 
other Atoms may bo imagined, differently localized by different 
spatial relations. If they are locsalizod on the straight line - 
joining two of the original atoms, this straight line appears as 
divided by them. But the original relation is not really / 
divided : all that has happened is, that two or more equivalent \ 
relations have replaced it, as two compounded relations of 
father and son may replace the equivalent relation of grand- 
father and grandson. These two ways of viewing the apparent 
divisibility are equivalent : for empty space, in so far as it is not 
illusion, is a name for the aggregate of possible space-relations. I 
To regard a figure in- empty space as divided, therefore, means, 
if it means anything, to regard two or more other possible rela- 
tions as substituted for it, which gives the second way of view- 
ing the question. 

The same reference to matter, then, by which the antinomy 
of the Point was solved, solves also the antinomy as to the 
relational nature of space. Space, if it is to. be fipeed firam 

1 Ot JttiMt, PijreholoQr, ToL n., p. 148 fl. 
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I oontnulictionfl, must be regarded exclusively as spatial order, as 
relatioDs between oneitended material atoms. Empty space, 
which arises, by an inevitable illusion, out of the spatial element 
in sense-perception, may be regarded, if we wish to retain it, as 
the bare principle of relativity, the bare logical possibility of 
relations between diverse things. In this sense, empty space is 
wholly ccmoeptual ; spatial order alone is immediately experi- 
enced 

208. But in what sense does spatial order consist of rela- 
tions ? We have hitherto spoken of externality as a relation, 
and in a sense such a manner of speaking is justified. Extern- 
ality, when predicated of anything, is an adjective of that thing, 
and implies a reference to some other thing. To this extent,. 
then, externality is analogous to other relations; and only to this 
extent, in our previous arguments, has it been regarded as a 
relation. But when we take account of further qualities of 
relations, externality begins to appear, not so much as a rela- 
tion, but rather as a necessary aspect or element in every 
relation. And this is borne out by the necessity, for the 
existence of relations, of some given fonn of externality. 

Every relation, we may say, involves a diversity between 
the related terms, but also some unity. Mere diversity does not 
give a ground for that interaction, and that interdependence, 
which a relation requires. Mere unity leaves the terms identical, 
and thus destroys the reference of one to another required for a 
relation. Mere externality, taken in abstraction, gives only the 
element of diversity required for a relation, and is thus more 
abstract than any actual relation. But mere diversity does not 
give that indivisible whole of which any actual relation must 
consist, and is thus, when regarded abstractly, not subject to the 
restrictions of ordinary relations. 

But with mere diversity, we seem to have returned to empty 
space, and abandoned spatial order. Mere diversity, surely, is 
either complete or non-existent; degrees of diversity, or a 
quantitative measure of it, are nonsense. We cannot, therefore, 
nduoe spatial order to mere diversity. Two things, if they 
occupy different positions in space, are necessarily diverse, but 
are as 'necessarily something more; otherwise spatial order 
becomes unmeaning. 
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Empty flpaoe, then, in the above sense of the possibilitj 
of spatial relations, contains only one aspect of a relation, 
namely the aspect of diversity; but spatial order, by its reference 
to matter, becomes more concrete, and contains also the element 
of unity, arising out of the connection of the different material 
atoma Spatial order, then, consists of relations in the ordinary 
sense ; its merely spatial element, howcTer — ^if one may make 
such a distinction — the element, that is, which can be abstracted 
from matter and regarded as constituting empty space, is only 
one aspect of a relation, but an aspect which, in the concrete, 
must be inseparably bound up with the other aspect. Here, 
once more, we see the ground of the contradictions in empty 
space, and the reason why spatial order is tree from these 
contradictions. 

Condtmon, 

209. We have now completed our review of the foundations 
of Geometry. It will be well, before we take leave of the 
subject, briefly to review and recapitulate the results we have 
won. 

In the first chapter, we watched the development of a branch 
of Mathematics designed, at first, only to establish the logical 
independence of Euclid's axiom of parallels, and the possibility 
of a self-consistent Geometry which dispensed with it. We 
found the further development of the subject entangled, for a 
while, in philosophical controversy ; having shown one axiom to 
be superfluous, the geometers of the second period hoped to 
prove the same conclusion of all the others, but failed to 
construct any system free from three fundamental axioma 
Being concerned with analytical and metrical Geometry, they 
tended to regard Algebra as d priori, but held that those 
properties of spatial magnitudes, which were not dedudble 
from the laws of Algebra, must be empirical In all this, they 
aimed as much at discrediting Kant as at advancing Mathe- 
matics. But with the third period, the interest in PhikMophy 
diminishes, the opposition to Euclid becomes less marked, and 
most important of all, measurement is no longer regarded as 
fundamental, and space is dealt with by descriptive rather than 
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quantitative methods. But nevertheless, three axioms, sub- 
stantially the same as those retained in the second period, are 
still retained by all geometers. 

In the second chapter, we endeavoured, by a criticism of 
some geometrical philosophies, to prepare the ground for a 
constructive theory of Geometry. We saw that Kant, in 
applying the argument of the Transcendental Aesthetic to 
space, had gone too far, since its logical scope extended only 
to some form of externality in general. We saw that Kiemann, 
Helmholtz and Erdmann, misled by the quantitative bias, over- 
looked the qualitative substratum required by all judgments 
of quantity, and thus mistook the direction in which the 
necessary axioms of Geometry are to be found. We rejected, 
also, Helmholtz's view that Geometry depends on Physics, 
because we found that Physics must assume a knowledge of 
Geometry before it can become possible. But we admitted, in 
Geometry, a reference to matter — ^not, however, to matter as 
empirically known in Physics, but to a more abstract matter, 
whose sole function is to appear in space, and supply the terms 
for spatial relations. We admitted, however, besides this, that 
all actual measurement must be effected by means of dctual 
matter, and is only empirically possible, through the empirical 
knowledge of approximately rigid bodies. In criticizing Lotze, 
we saw that the most important sense, in which non-Euclidean 
spaces are possible, is a philosophical sense, namely, that they 
are not condemned by any A priori argument as to the necessity 
of space for experience, and that consequently, if they are not 
affirmed, this must be on empirical grounds alone. Lotze's 
strictures on the mathematical procedure of Mctageometry we 
found to be wholly due to ignorance of the subject. 

Proceeding, in the third chapter, to a constnictiye theory 
of Geometry, we saw that projective Geometry, which has no 
reference to quantity, is necessarily true of any form of^ 
externality. Its three axioms — homogeneity, dimensions, and 
the straight line— were all deduced from the conception of a 
form of externality, and, since some such form is necessary to 
experienoe, were all declared d priori. In metrical Geometry, 
on the oontraiy, we found an empirical element, arising out of 
the alternatives of Euclidean and non*Euolidean space. Three 
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d priori axioms oommon to these spaces, and necessaiy con- 
ditions of the possibility of measuromenti still remained ; these 
were the axiom of Free Mobility, the axiom that space has a 
finite integral number of dimensions, and the axiom of distance. 
Except for the new idea of motion, these were found equivalent 
to the projectiye triad, and thus necessarily true of any form 
of externality. But the remaining axioms of Euclid — ^the 
axiom of three dimensions, the axiom that two straight lines 
can never enclose a space, and the axiom of parallels — ^were 
regarded as empirical laws, derived fix>m the investigation and 
measurement of our actual space, and true only, as &r as the 
last two are concerned, within the limits set by errors of 
observation. 

In the present chapter, wo completed our proof ci the 
apriority of the projective and equivalent metrical axioms, by 
showing the necessity, for experience, of some form of externality, 
given by sensation or intuition, and not merely inferred firmn 
other data. Without this, we said, a knowledge of diverse but 
interrelated things, the comer-stone of all experience, would be 
impossible. Finally, we discussed the contradictions arising 
out of the relativity and continuity of space, and endeavoured 
to overcome them by a reference to matter. This matter, we 
found, must consist of unextended atoms, localized by their 
spatial relations, and appearing, in Geometry, as points. But 
the'non-spatial adjectives of matter, we contended, are irrelevant 
to Geometry, and its causal properties may be left out of 
account. To deal with the new contradictionsj involved in such 
A notion of matter, would demand a fresh treatise, leading U8» 
through Kiuematicsi into the domains of Dynamics and Physics. 
But to discuss the special difficulties of space is all that is 
possible in an essay on the Foundations of Geometiy. 
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